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To my family, friends, colleagues, and 
students. 
I’m only writing one book, so... 


A good stack of examples, as large as possible, is indispensable for a thorough understand- 
ing of any concept, and when I want to learn something new, I make it my first job to build 
one. 


Paul Halmos 


Over the years I have had the opportunity to work with undergraduate math- 
ematics students on various research and independent study projects, and I’ve 
found “representation theory of the symmetric group” to be an excellent vehicle 
to introduce them to more advanced mathematical concepts relatively early in 
their undergraduate careers. The basic idea is accessible to anyone with a solid 
background in linear algebra, and new content can be introduced as needed. Of 
course, it’s also a beautiful subject in its own right that has many important 
applications. 

The concept of the “symmetric group,” that is, permutations acting on a set, along 
with the operation of composition and the existence of inverse permutations, is easy 
for the beginner to get their mind around, and serves as one of the first non-trivial 
examples of a non-Abelian group. Students are comfortable with polynomials, and 
the action of permutations on polynomials is straightforward and easy to understand. 
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Examples of such central concepts as “invariant subspaces,” “irreducible sub- 
spaces,” “isotypic subspaces,” and “intertwining maps” can be explicitly con- 
structed, and the further notions of “permutation representations” and “Young 
permutation modules” arise naturally. This setting provides examples that aid the 
intuition when moving on to more sophisticated territory, and much of the theory of 
the representations of so-called Lie groups is built on that of the symmetric group. 
On a somewhat historical note, some of the early study of the symmetric group and 
representation theory was by way of permuting the arguments of functions, called 
substitutional analysis. (See [R]). 

There are LOTS of excellent books on the subject of representation theory, but 
they are essentially written at the graduate-student level (at least), and usually 
require familiarity with topics (topological spaces, tensor products, and multi- 
linear algebra) beyond the experience of, say, a typical second-year mathematics 
undergraduate. The intended audience for this book will have completed a solid 
course in linear algebra, and so should be familiar with abstract vector spaces and the 
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viii Preface 


basic techniques of mathematical proofs. The reader may also be taking a modern 
(or “abstract’) algebra course concurrently, but I assume no knowledge of modern 
algebra. Readers certainly don’t need to know everything from undergraduate 
algebra, or even group theory, and I introduce the necessary concepts as the need 
arises. I recommend that the novice reader have a good linear algebra textbook, as 
well as a modern algebra textbook, at hand for reference. I caution that navigating 
multiple such references can be counter-productive, if for no other reason than 
differing notation. I also highly recommend working with a colleague and/or, if 
available, someone with more knowledge of the subject. Additionally, facility with 
a computer algebra system (CAS) such as Maple or Mathematica can ease some of 
the linear algebra computations. 

Readers who are more mathematically advanced, but new to the subject, may 
find the discussion and the examples useful, but I emphasize that this book 
is written for novice (but motivated) mathematicians. Many of the explanations 
and proofs include more detail than would typically be included in a text for 
more “mathematically mature” readers, with the solutions to the exercises being 
particularly, if not annoyingly, detailed. Given a choice between saying too much or 
too little, I have erred on the side of saying too much. More advanced readers should 
be able to skim through the excessive details with minimal irritation. 

I make no claim of originality, other than, perhaps, the level of the intended 
audience and the number of exercises. The material here is taken from a variety 
of sources, chosen and adapted so that it is accessible to novice mathematicians. I 
have tried to cite most of the sources where applicable, although I make no claim 
as to completeness of citation. I also make no attempt at efficiency. Some results 
and remarks are repeated as needed for clarity or precision, and for the benefit of 
the “grasshopper reader” who may jump in and around the text. The subject suffers 
from flourishing terminology, and I occasionally use terms interchangeably. 

Throughout I endeavor to use the active voice. The term “we” can mean the 
author and the reader, as in “we see that...’ Often the term “we” can be interpreted 
as “the mathematical community,” as in “we show that ...,” since the ideas have 
been developed and exposed by dozens, if not hundreds, of mathematicians before 
us. 

I would like to thank Chal Benson, Chris Davis, Carolyn Otto, and Gail Ratcliff 
(as well as the anonymous referees) for providing detailed and useful comments 
on early versions of this book. I would also like to express my appreciation to 
the scores of undergraduate students who participated in research and independent 
study projects with me, at least a dozen of whom have gone on to earn PhDs in 
mathematics. 


Eau Claire, WI, USA R. Michael Howe 


At this introductory level, the theory of groups and their representations lies mostly 
within the mathematical realm of algebra, so let’s first review what this means. 
An algebraic structure consists of an underlying set A, along with some ways of 
combining the elements of A to obtain another element in A by using operations 
that are required to satisfy certain axioms. 

There are lots of algebraic structures: vector spaces, semigroups, rings, lattices; 
the list goes on. There are also other types of mathematical structures such as 
topological and analytic structures as well as hybrid structures such as topological 
groups and Hilbert spaces. The main concern of this book will be the algebraic 
structure of groups and modules. Groups are ubiquitous in mathematics and make 
precise the notion of symmetry. 

Group representations are a type of module, and representation theory translates 
many group-theoretic problems into problems in the (usually easier) landscape of 
linear algebra. The theory has wide-ranging applications, from quantum mechanics 
[W] to voting theory [D] and to other areas of mathematics (algebraic geometry, 
invariant theory, multivariate statistics, combinatorics). It is the opinion of some 
science writers that “representation theory has served as a key ingredient in many 
of the most important discoveries in mathematics.” [H]. 

One algebraic structure that readers are assumed to be familiar with is that of a 
vector space, with the operations of scalar multiplication and vector addition that 
satisfy the various associative, commutative, and distributive properties, etc. Some 
readers may wish to review the properties of vector spaces. 

The scalars in a vector space are from a field, another algebraic structure with 
which readers should be familiar. The most common examples of fields are the 
rational numbers Q, the real numbers R, and the complex numbers C, along with 
the operations of addition and multiplication that satisfy the various axioms of 
associativity, existence of identities and inverses, etc. Again, some readers may wish 
to review the properties of fields. 
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The characteristic of a field F is defined as the smallest natural number n such 
that! 


na:=a+a+t+::-+a=0 
——— 


n summands 


for any a € F. If no such n exists, we say F has characteristic zero, as is the 
case with the familiar fields Q, R, and C. However, there are fields with positive 
characteristic (see Exercise 9.17), and the representation theory over such fields 
(so-called modular representation theory), even for uncomplicated groups, is still 
an active area of research. In this book, except for an occasional exercise, we only 
utilize fields of characteristic zero. 

The most convenient field to use in most instances, and which we usually adopt, 
is the field of complex numbers C, which is algebraically closed. That is, any 
polynomial equation with complex coefficients and positive degree has a solution 
in the complex numbers. In particular, this property guarantees the existence of 
eigenvalues of linear operators on a complex vector space, an attribute that is 
essential for some important results. Readers not fluent with complex numbers 
shouldn’t panic; we will make only a few computations using them, and the moniker 
“complex,” as well as “imaginary,” is an unfortunate artifact of history. 

Things start out pretty casually. In the first two chapters we develop the notions 
of a group, group actions, and group representations. Those who have completed a 
course in modern algebra should find this an easy read. Chapter 3 introduces some 
of the basic concepts and machinery of representation theory, and by the end of this 
chapter the reader should have a pretty good idea, supported by examples, of what 
“group representation theory” is about. 

Chapter 4 examines the symmetric group in more detail. In Chap. 5, we give 
explicit decompositions of some polynomial spaces into irreducible representations, 
and Chap. 6 discusses two equivalent incarnations of the group algebra, a useful 
construction in representation theory and elsewhere. 

The material now follows a more traditional exposition of the representation 
theory of the symmetric group, although we often relate it to representations on 
polynomial spaces. It also starts getting more technical, there is just no way to 
avoid it. You don’t need to understand the proof of a theorem to apply the results, 
and novice readers can perhaps return later to understand the proofs and other 
technical details as their knowledge and abilities increase. Of course, it would be 
mathematical heresy to not include the proofs, and many of them are presented in a 
series of exercises—with solutions—that outline the basic ideas. 

In Chap. 7 we discuss characters, a kind of function that “characterizes” a 
representation, and use these to label all of the irreducible representations of 
the symmetric group. Group characters are a useful tool in the study of group 
representations, and every book on representation theory should include a discussion 


' The symbol := commonly denotes a definition. 
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of them, but characters are not essential to the more “constructive” approach that is 
our focus. In Chap. 8, we actually produce “realizations” of these representations in 
the group algebra and in polynomial spaces. 

In Chap. 9 we introduce cosets, a basic construction in algebra, which are 
essential in order to construct representations of a group that are “induced” from 
that of a subgroup. Here, again, we present two (of several) equivalent versions of 
induced representations. 

Chapter 10 describes direct products of groups, another standard algebraic 
construction, of which Young subgroups are an example. The trivial representations 
of Young subgroups are “induced” to representations called Young permutation 
modules. We also construct a new vector space of “polytabloids” that carries a 
representation of the symmetric group, and that has theoretical and computational 
advantages. We then relate these representations in polytabloid spaces to represen- 
tations in polynomial spaces. 

In Chap. 11, we construct the unique irreducible representation that appears in 
each Young permutation module, called a Specht module. Chapter 12 decomposes 
Young permutation modules into their irreducible components. Finally, in Chap. 13, 
we examine how the irreducible representations of 5, decompose when restricted to 
Sp—1 or induced to Sp+41. 

* An asterisk following an Exercise, Remark, etc., indicates that there is further 
information in the “Hints and Additional Comments” section at the end of each 
chapter. Of course, you should first try to work through them on your own. 

Along the way, we will occasionally stray into related areas of mathematics that 
are suggested by our investigations. These are usually asterisked remarks placed at 
the end of the chapter so as not to break the logical flow of the main subject matter. 
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We start by sketching out some of the basic concepts that are the subject of this book. 
We introduce the algebraic structure of a group, particularly permutation groups, as 
well as the concept of group actions, of which group representations are a special 
case. 


1.1 Permutations and Groups 


Most of us were first introduced to the concept of a permutation by something akin 
to the following elementary exercise: 


Billy, Joey, and Sally decide to start their very own club. How many different ways can they 
fill each of the offices of President, Vice-President, and Secretary? 


After a little thought, the insightful reader realizes that at first there are three 
possible ways to choose the President, and once (say) Sally is so chosen, there 
remains only two possible ways to choose Vice President. Once Joey is chosen as VP 
then Billy is the only possible choice for Secretary, and thus there are 3 x 2x 1=6 
such possible assignments. 

Upon further reflection, it is easy to see that this question is equivalent to the 
question “How may ways can we arrange the list [Billy, Joey, Sally] in different 
orders?” Each such reordering of this list is called a permutation of the list, and in 
the realm of algebra, we are interested in the actual action of reordering. That is, we 
treat a permutation as a function. 


Definition 1.1 Let A and B be sets. 
e A function f: A — B is said to be one-to-one, or injective, or an injection if 
FS (a1) = f (az) implies that aj = az for all aj, az € A. 
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022 1 


R. M. Howe, An Invitation to Representation Theory, SUMS Readings, 
https://doi.org/10.1007/978-3-030-98025-2_1 


2 1 First Steps 


¢« A function f: A — B is said to be onto, or surjective, or a surjection if 
foreach b € B, we have b = f(a) forsomea € A. 


¢ If f: A — B is both injective and surjective, then it is said to be bijective, or a 
bijection, or a one-to-one correspondence. 


Definition 1.2 A permutation of a set S is a bijection from the set S to itself. 
Although the set S need not be finite, we will restrict our consideration to finite 
S unless explicitly stated otherwise. Furthermore, we can capture the essential idea 
by assuming S to be the set {1, 2,3,...,} for some n. 
Example 1.3 Let S = {1, 2,3, 4}, and let y be the permutation 
yQ) =2, y2) =4, v@) =1, y@) =3. 
This is equivalent to rearranging the list [1, 2, 3, 4] to [2, 4, 1, 3]. 
Non-Example 1.4 The function f given by 
FU) =2, f2=2, fOY=1L fH =4, 
is not a permutation since it is not one-to-one. 


Since permutations are functions from S to S, we can compose them in the usual 
way. 


Example 1.5 Let S = {1, 2,3, 4}, let y be the permutation in Example 1.3 above, 
and let t be the permutation 


t(1) =4, 1(2) = 1, +) = 3, T(4) =2. 
Then 
toy(l) =t(yQ)) =tQ) = 1, 
toy(2)=T(4) = 2, 
to y(3) = 1(1) = 4, 


toy(4) = t(3) =3. 


Of course, we always have the trivial permutation (that doesn’t change anything), 
and it should be apparent that, given any permutation o of {1,2,3,...,}, we can 
find a permutation that “undoes” whatever o does. If o(i) = j, then the function 
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that takes j back to i is such a permutation, denoted o~!. This observation is just 
the elementary fact that every bijection has an inverse that is also a bijection. 

The above discussion can be mathematically summarized as follows; the collec- 
tion of all permutations of a set, along with the operation of function composition, 
has the algebraic structure of a group. 


Definition 1.6 A group is a set G with a binary operation (indicated by the symbol 
+ for now) that combines two elements from G to obtain another element in G, with 
the following properties: 


(1) There is an element e € G (called the identity in G) such that 
exg=gxe=gforallg eG. 


(2) For each g € G, there is an element g! € G (called the inverse of g) such that 


g l*g=gexg! =e. 


(3) The operation * is associative: (g *h) *k = g * (h xk) forall g,h,k €G. 


Recall that a binary operation on a set is a way of combining two elements 
of the set to obtain another element of that set. This is often expressed by saying 
“The set is closed under the operation,” and this criterion is customarily included in 
the definition of a group. When we need to be precise, we will denote a group G 
with operation + as (G, *), although it is typical to denote the group operation by 
juxtaposition, i.e., g * h is simply written as gh. The number of elements in a group 
G is called the order of G, written |G|, which need not be finite. 

By the way, there are also unary operations (taking the transpose of a matrix), 
ternary operations (vector triple-product), and n-ary operations. 


Example* 1.7 The integers with the operation of addition, (Z, +), is a group. Here 
the identity is 0 and the inverse of k € Z is denoted —k. Since addition of integers 
is commutative, i.e.,a +b = b-+a for alla, b € Z, the group (Z, +) is said to be 
an Abelian group, named after the Norwegian mathematician Niels Abel. 


Non-Example 1.8 The integers with the operation of multiplication. Certainly 
the integers are closed under multiplication, and we have the number | as the 
multiplicative identity, but not every integer has a multiplicative inverse that is an 
integer, and 0 € Z has no inverse. 


Example 1.9 The set of all permutations of the set {1,2,3,...,} with the oper- 
ation of composition, and with inverses as described above. The identity element 
is the trivial permutation that does not change the order. This group is called the 
symmetric group on n symbols, and denoted Sj. 
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Example 1.10 One of the most important examples of a group is the set of invertible 
n X n matrices with the operation of matrix multiplication. This group is called the 
general linear group of order n and denoted GL(n, F), where F is the field of scalars 
for a vector space (usually R or C). This group is non-Abelian for n > 2. 


Example 1.11 The set {—1, 1} with the operation of multiplication. 
Exercise 1.12 Work through and verify the assertions in the above examples. 


Exercise* 1.13 We will see more efficient methods of notating permutations 
shortly. For now, try writing out some permutations and their inverses. Practice 
composing various permutations. If o and ¢ are arbitrary permutations, and if 0 0 ¢ 
is their composition, what is (o o €)~!? Does a 0 ¢ = £007? How many distinct 
permutations are there of a set with n elements? 


Exercise 1.14 Find more examples (and non-examples!) of groups. Which of these 
groups are Abelian? 


Exercise 1.15 Show that the identity element in a group is unique. That is, if there 
are two elements e and e’ in G such that gxe =exg=g,andgxe’=e’xg=g 
for all g € G, then e = e’. Thus the phrase “the identity in G” in Definition 1.6 is 
justified. Hint: What is e * e’? 


' is unique. That is, if 


Exercise* 1.16 Show that for each g € G, the inverse g~ 
there are two elements g~! and g’~! such that gg~! = g7'g = e and gg’! = 
g’—'g =e, then g’~! = g~!. Thus the phrase “the inverse of g” in Definition 1.6 is 


justified. 
Exercise* 1.17 Let (G, «) be a group, and let g € G. For any positive integer k, 
define gé := ge ge---*g. 
——— 
k times 
(1) Show that g* « g! = gk+!, 


(2) Show that (g*)~! = (g~!)*, hence the notation g~* is unambiguous. 
(3) Verify some other familiar properties of exponents: g° = e, [g*]! = g*, ete. 


1.2. Group Actions and Representations 


There is a huge body of knowledge on the topic of “Group Theory.” One of the 
important applications of groups is that they “act” on things. 
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Definition 1.18 We say that a group G acts on a set S (indicated by a lower dot) if: 


(1) g.s € Sforallg ¢ Gands eS. 
(2) g.(h.s) = (gh).s forallg,h e Gands eS. 
(3) e.s = s forall s € S, where e € G is the identity. 


A set that is acted upon by a group G is sometimes referred to as a G-set or a 
G-space. 


Example 1.19 The symmetric group S, acts on the set {1,2,3,...,n} by oi = 
o(i) foro € Sy. 


Example 1.20 Any group G acts on itself by left multiplication; g.h := gh for 
g, heG. 


Example 1.21 Any group G acts on itself by conjugation; g.h := ghg7! for g,h € 
G. See Sect. 4.3. 


Example 1.22 Let V bea vector space with ordered basis {e1, e2, e3}. For example, 
V = R? with standard basis 


1 0 0 
ep=1]0],e=]1], and e=)]0 
0 0 1 


Then $3 acts on V by first permuting the basis vectors; o.e; = €g(j) foro € $3, 
which is then extended to all of V by linearity. That is, if o € S3, if 71, 7r2,7r3 € R, 
and if v = rye; + reo + 13e3 € V, then 


ov =o.(rje1+r2e2+r3e3) = 110.e1 +120.€2+730.€3 = 11 €g(1) +12€o (2) H13€o (3) - 
In this case we say that S3 acts linearly on V. 


Definition 1.23 If a group G acts linearly on a vector space V, we say that V is a 
representation of G. A mathematically more precise definition of representation is 
given in Sect. 1.5. 


Example 1.24 The group GL(n, R) acts on the vector space R” by left matrix 
multiplication of column vectors (or by right matrix multiplication of row vectors). 
This is often referred to as the defining representation of GL(n, R). 


Remark 1.25. The representation in Example 1.22, where S, permutes the basis 
vectors of an n-dimensional vector space, is called a permutation representation 
of Sy. 
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Example 1.26 Leto € $3, where o (1) = 2, 0(2) = 3, ando(3) = 1. Let V be a 3- 
dimensional vector space with ordered basis {e), e2, e3}. Let v = rj e; +r2e2 +7363, 
and let (r1, r2, 73) € R? be the coordinate vector of v. Then o.v = rje2 +7r2e3+73e1 
has coordinate vector (73, 71,72). Thus $3 acts of the vector space of coordinate- 
vectors as o.(r1, 72,73) = (73,171,172) = o-1(1)s Fo! (2) Po -1 (3) 


Definition 1.27 Ifa group G acts ona set S, and ifs € S, then the set {g.5 | g € G} 
is called the orbit of s, denoted o(s). We say the action of G on S is trivial if 
o(s) = {s} for all s € S. That is, if g.s = s forall g € G andalls € S. We say that 
the action of G on S is transitive if o(s) = S for all s € S. That is, for every s and 
s’ in S there is a g € G such that 9.5 =s’. 


Example 1.28 The action of S, on the set {1, 2,..., 7} is transitive, as is the action 
in Example 1.20. The action of GL(n, R) is transitive on the set of non-zero vectors 
in R”. The action of a group G on itself by conjugation in Example 1.21 is never 
transitive (unless G consists of only the identity element), and is trivial if G is 
Abelian. 


Exercise* 1.29 If a group G acts on a set S, show that the G-orbits in S are 
equivalence classes. 


Remark* 1.30 Equivalence classes arise often in mathematics, and we will see 


several examples later in the form of quotient spaces, cosets, etc. It is important 
when working with equivalence classes that things be well-defined. 


1.3. More About the Symmetric Group 
There are several ways to describe permutations and compute their compositions. 
One way is to write a permutation, such as y from Example 1.3, as an array with 


y (i) placed below each i. The order of the entries in the top row of the array doesn’t 
matter. For this example we have, 


Similarly, we can write t from Example 1.5 as 


1234 
T= i 
heel 
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We can then compose the two permutations by placing one array over the other; 


ere 
2413 
2413 
Re 
_ 71234 
aber 


A more concise and fruitful way to designate a permutation is to use cycle 
notation, which is also useful theoretically. If o € S,, andif k € {1,2,...,n}, 
then a cycle is a list 


Equation 1.31 
(k, 0(k), 07(k), ...,0(k), 077 (k) = bh). 


Here of course o2(k) = o 0 o(k) = o(0(k)) and so forth. The entry o™tlky =k 
is understood and so it is omitted, and the elements k, 0 (k), 02(k),...,0’"(k) are 
all distinct. For example, the permutation 


1234567 
2341675 


contains two cycles; one cycle of length four, i.e, a “four-cycle,” (1, 2, 3, 4), and one 
three-cycle, (5, 6, 7). We then write 0 = (1, 2, 3, 4)(5, 6, 7), which means that “o 
takes one to two, two to three, three to four, and four to one; o takes five to six, six 
to seven, and seven to five.” 

Similarly, from Example 1.5 we have y = (1,2,4,3) and t = (1,4, 2)(3). 
If there is no confusion, it is customary to omit writing down the one-cycles, 
such as (3) in t above, and the omitted one-cycles are understood to indicate the 
elements of {1, 2, ..., 2} that are fixed by the permutation. Of course we can’t omit 
everything, so the identity permutation (which fixes everything) is written as (1) 
in cycle notation. It is also usual to write the smallest number first, for example 
(2,4, 1,3) = C1, 3, 2,4). Note that ry = (1, 4, 2), 2, 4, 3) = (3, 4), and that the 
operation is performed right-to-left, as is typical of function composition. 


Example 1.32 In cycle notation, the elements of $3 are 


S3 = {(1), C, 2), C, 3), (2, 3), C, 2, 3), CL, 3, 2)}. 
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Notation 1.33 We will use the notation e for the identity when we are talking about 
groups in general, or eg if we need to indicate the identity for a specific group G. 
The identity element es, will usually be written as (1) using cycle notation, and 
we trust the reader can distinguish from the context when we are talking about the 
identity permutation (1), versus (1), the first item in an enumerated list. 


Exercise 1.34 For each o € $3, determine o~! 


using cycle notation. 
Exercise 1.35 Write down all the elements in the groups Sz and S4 using cycle 
notation. Determine some inverses, and practice calculating some compositions. 


The following exercises are covered in detail in Chap. 4, but you should give 
them a try here. 


Exercise* 1.36 Prove the assertion implicit in Eq. 1.31: for eacho € S,, and each 
k € {1,2,...n}, there is some positive integer m, with 0 < m <n — 1, such that 
o™tlky =k. 


Exercise* 1.37 Two cycles are said to be disjoint if they have no entries in 
common. Prove that any permutation can be written as a product of disjoint cycles. 
Prove that disjoint cycles commute. 


1.4 More Groups and Subgroups 


A common theme in mathematics is that various mathematical structures have 
“substructures.” Familiar examples include subsets of a set and subspaces of a vector 
space, but the list goes on: subspaces of a topological space, submanifolds of a 
manifold, etc. Here we introduce subgroups of a group, and shortly we will see 
subrepresentations of a group representation. 


Example 1.38 Check that the set of even integers with addition, denoted (2 Z, +), 
is a group. Note that 2Z C Z. 


Definition 1.39 A subset H of a group G that is itself a group (with the same 
operation as G) is called a subgroup of G, often denoted H < G. 


Non-Example* 1.40 The set of odd integers under addition is not a subgroup of 
(Z, +). 


Non-Example 1.41 The set of positive real numbers under multiplication, denoted 
(R*, x), is a group, but is not a subgroup of (R,+) since the operations are 
different. 
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Example 1.42 If G is a group, and if e is the identity element in G, then {e} is a 
subgroup of G, called the trivial subgroup. 


Exercise* 1.43 Generalize Example 1.38. For some fixed integer k, let k Z denote 
all integer multiples of k. Check that (k Z, +) is a subgroup of (Z, +). If ky and k2 
are integers, when is k; Z a subgroup of kz Z? For example, 3 Z is not a subgroup of 
2 Z, but 6 Z is a subgroup of both 2 Z and 3 Z. 


Exercise* 1.44 Let (R*,+) be the set of ordered pairs of real numbers with 
addition defined component-wise: (a, b)+(c, d) = (a+c,b+d). Verify that the set 
{(x, 2x) | x € R} is a subgroup of (R*, +). Verify that the set {(x, 2x+1)|x €R} 
is NOT a subgroup. Generalize these results. 


Exercise 1.45 Show that the set of all functions of the form {f(x) = ax + b | 
a, b € R} is a group, and that the set { f(x) = ax | a € R} is a subgroup. 


Exercise 1.46 Check that the set {1, i, —1, —i} is a subgroup of the group (C*, x), 
the non-zero complex numbers with multiplication. Observe that the group from 
Example 1.11 is a subgroup of this subgroup. In case there’s any confusion here, i 
is the “imaginary unit”: i = —1. 


Exercise 1.47 Show that the set {a + bi | a,b € R, a? + b* = 1} is a subgroup 
of (C*, x), the non-zero group of complex numbers under multiplication, with 
{1,i, —1, —i} as a subgroup. 


There is an easy way to check for subgroups using the “One-Step Subgroup Test.” 


Theorem 1.48 Let G be a group, and let H be anonempty subset of G. Ifa, b € H 
implies that ab! € H, then H is a subgroup of G. 


Exercise* 1.49 Prove Theorem 1.48. 


Exercise* 1.50 Let g be an element of a group G. Show that the set 


(Q) Shee 18 eee date REZ 


is an Abelian subgroup of G, called the cyclic subgroup generated by g. Show that 
if |G| is finite, then g* = e for some k. For example, the group in Exercise 1.46 is a 
finite cyclic group generated by i. Can you find other examples? 


Most of us have an intuitive notion of the meaning of the term “symmetry” as 
“when two or more parts of an object or figure are identical after a flip or turn.” 
These next examples demonstrate the mathematical notion of a group makes precise 
this informal notion of symmetry. 
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Example 1.51 Label the vertices of an equilateral triangle clockwise with the 
numbers 1,2,3. Show that the symmetries of the triangle form a group, and 
that the elements in the group can be labeled by permutations. For example, 
counterclockwise rotation by 60° corresponds to the permutation (1, 2,3), and 
reflection across the line from vertex number | to the opposite side corresponds 
to the permutation (2, 3). If you write out all the elements using cycle notation, this 
group should look familiar. 


Example 1.52 Label the vertices of a square clockwise with the numbers 1, 2, 3, 4. 
Show that the symmetries of the square can be labeled by permutations, and form 
a group that is a subgroup of $4. For example, counterclockwise rotation by 90° 
corresponds to the permutation (1, 2, 3, 4), and reflection across the line from vertex 
1 to vertex 3 corresponds to the permutation (2, 4). This group is called D4, the 
dihedral group. 


Exercise* 1.53 Write out the elements of D4 in cycle notation. What are the 
subgroups of D4, and which subgroups are subgroups of other subgroups? Hint: 
|D4| = 8. 


Exercise* 1.54 Show that if (i, j) is any two-cycle in S,, then {(1), (i, j)} is a 
subgroup of S,. 


Exercise* 1.55 Write out all of the subgroups of $3, S4 and Ss. 


Exercise* 1.56 Let SL(n, R) denote the set of real n x n matrices with determinant 
equal to one (the special linear group). Show that SL(n,R) is a subgroup of 
GL(n, R). Hint: Use the properties of the determinant function and Theorem 1.48. 


Exercise* 1.57 Verify that O(n, R), the set of n x n orthogonal matrices, is a 
subgroup of GL(n, R) called the orthogonal group. Recall that a matrix A is 
orthogonal if A'A = AA!’ = I, where A’ denotes the matrix transpose of A, 
and where / is the identity matrix. Let O(n, R) act on R” by left multiplication of 
column vectors in the usual way. What is the O(n, R)-orbit of a vector in R”? 


Exercise 1.58 Show that if A € O(n, R), then Det A = +1. 


Exercise 1.59 This is a standard example from linear algebra. Let Ro be the 


rotation of a vector 
x 
v= eR? 
y 
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counterclockwise by an angle 6. Make a geometric argument to show that 
Ro: R? — R? is linear. Show that the action of Rg on v is given by the matrix 
product 


cos @ — sin@ 
Ro(v) =] ae 

sinO cosé }|y 

Exercise 1.60 Let SO(n, R) denote the special orthogonal group. That is, 
SO(n, R) := {A € O(v, R) | DetA = 1} = OM, R)N SL, R). 

Show that SO(n, R) is a subgroup of O(n, R) (or of SL(n, R) or GL(n, R) for that 
matter). Verify that the matrix Rg in Exercise 1.59 is an element of SO(2, R), and 
conclude that $O(2, R) is the group of rotations in the plane. 
Exercise 1.61 Let A be ann x n matrix with complex entries, and let A‘ denote 
the conjugate transpose of A. A is said to be unitary if A‘'A = AA‘ = I. Show that 
U(n, C), the set of all nm x n unitary matrices, is a subgroup of GL(n, C), called the 
unitary group. 
Exercise 1.62 If a group G acts ona set S, and if s € S, then the set 


Gs :={g€G|gs=s} 


is called the stabilizer of s, or the stability subgroup of s. Show that, in fact, Gs is a 
subgroup of G. 


Exercise 1.63 Let G be a group, and let ZG denote the center of G; 
ZG := {hE G| hg = gh forall g € G}. 


In other words, ZG consists of those elements in G that commute with every other 
element in G. Show that ZG is a subgroup of G. 


Exercise* 1.64 Show that ZGL(n, C) consists of the scalar matrices, that is, scalar 
multiples of the identity matrix. 


1.5 Group Homomorphisms and More About Representations 


Another common theme in mathematics is that we have certain types of functions, 
or “mappings,” that preserve a given mathematical structure. For example, in linear 
algebra we have the notion of a linear transformation. For vector spaces V and 
W,amap7T: V — Wis linear if T(rv + su) = rT(v) + sT(w) for all v,u € 
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V and all scalars r,s. A linear transformation that is also a bijection (one-to-one 
and onto, and therefore invertible) is said to be an isomorphism. An isomorphism 
from a vector space V to itself is said to be an automorphism, and the set of all 
such automorphisms of V with the operation of composition is easily seen to be a 
group, denoted GL(V) (the general linear group on V), or sometimes Aut(V). Two 
vector spaces are said to be isomorphic if there is an isomorphism between them. 
Isomorphic vectors spaces are essentially the same, and it is a standard result that 
any two finite-dimensional vector spaces are isomorphic exactly when they have the 
same dimension. 

Linear maps preserve the vector space structure, and consequently yield infor- 
mation about vector spaces in general. The analogue of this concept for groups 
are called group homomorphisms. There are homomorphisms of other algebraic 
structures (rings, modules, etc.), but we will drop the “group” designation when 
there is no ambiguity. 


Definition 1.65 Let G and H be groups. A map ¢ : G — 4H is a group 
homomorphism if ¢(ab) = ¢$(a)¢(b) for all a,b € G. If ¢@ is also a bijection, 
then ¢@ is said to be a group isomorphism. An isomorphism from a group G to itself 
is called an automorphism of G. 


Example 1.66 The determinant function Det: GL(n, R) > (R*, x) is a homo- 
morphism. Here (R*, x) is the group of non-zero real numbers with multiplication. 


Example 1.67 For any integer k, the map ¢x: (Z, +) > (Z, +) given by ¢x(n) = 
kn is a homomorphism. Note that, in the case of additive notation for the group 
operation, we require that dg (n + m) = O(n) + de (mM). 


Example 1.68 Let (R,-+) denote the set of real numbers under addition. For 
any real number ¢, the map @;: (R, +) — (R,+) given by ¢(r) = trisa 
homomorphism. 


Non-Example 1.69 For any integer k 4 0, the map wy: (Z, +) > (Z, +) given by 
Wi(n) = k +n is anot a homomorphism. 


Example 1.70 Let e denote the natural exponential base familiar from calculus (not 
the group identity element). The map that takes (IR, +) > (RT, x) given by tb 
e' is a homomorphism, where (IR*, x) is the group of positive real numbers with 
multiplication. This generalizes; if r is a positive real number, then the map t > r! 
is ahomomorphism. 

Example 1.71 For those familiar with complex variables, the map 


tr e =cost +isint 


is ahomomorphism from the group (R, +) to the group from Exercise 1.47. 
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Example 1.72 The map that takes (R,+) — SL(2,R) (Exercise 1.56) given by 
tr (4 ) is a homomorphism. 


Example 1.73 Given a finite dimensional R-vector space V with an ordered basis, 
the two groups GL(n, R) and GL(V) are isomorphic. 


Exercise* 1.74 Verify the above examples. 


Exercise* 1.75 Consider the subset of elements in S, that stabilize n. Show that 
this is a subgroup of S,, that is isomorphic to S,—. This is usually referred to as the 
standard embedding of S,— in S,. Check that the subset of elements in S,, that fix 
one of the numbers 1, 2,..., is a subgroup of S, that is also isomorphic to S,—1. 


Remark 1.76 Unless explicitly stated otherwise, whenever we discuss S; as a 
subgroup of S, for k < n, we mean the the subgroup of S, that permutes only 
the elements {1,2,..., k} and fixes the elements {k++ 1,...,n}. 


Remark 1.77 Example 1.20 says that the action of left multiplication by a group 
G on itself permutes the elements of G. Thus any finite group is isomorphic to a 
subgroup of S, for some n. This result is known as Cayley’s theorem. 


Exercise* 1.78 Show that S, in non-Abelian for n > 3. 
Here are two important subgroups related to homomorphisms. 


Definition 1.79 If G and H are groups, and if 6: G > H is a homomorphism, 
define the kernel of @ as Ker @ := {g € G | $(g) = ey}, where ey is the 
identity element in H. Define the image of ¢ to be Im ¢@ := {he H | h= 
¢(g) for some g € G}. 


Example 1.80 The subgroup SL(n, R) of GL(n, R) is the kernel of the Determi- 
nant map from Example 1.66. 


Example 1.81 The homomorphism from Example 1.71 has kernel {2kz | k € Z}. 


Example 1.82 The map from (Z,+) to the group ({1,i,—1,—i}, x) (Exer- 
cise 1.46) given by k +> i* is a homomorphism with kernel (4Z, +). 


Example 1.83 Let (P(x), +) denote the group of polynomial functions (in one 
variable) with real coefficients, and with the operation of addition. Since (f + g)’ = 
f’ +g’, the derivative is a group homomorphism from (P(x), +) to (P(x), +). 
Since the zero-polynomial is the identity element, the kernel of this map is the set 
of constant polynomials. 
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Exercise 1.84 If ¢ : G — H is a group homomorphism, verify that Ker ¢ and 
Im ¢ are subgroups of G and H respectively. Show that ¢ is injective if and only if 
Ker @ = {e}. Show that o(g7!) =([¢ (g)}7!. Hint: Recall the proof of the analogous 
propositions for linear maps between vector spaces. You should also work through 
and verify the above examples. 


We can now provide a more mathematically precise definition of a representation, 
as promised in Definition 1.23. 


Definition 1.85 A representation of a group G on a vector space V is a homo- 
morphism p: G — GL(V). The dimension of V is called the degree of the 
representation. If o(g)v = v for all g € G and forall v € V, then the representation 
is said to be trivial. If p is injective (one-to-one), the representation is said to be 
faithful. 


We emphasize that when an element g € G acts linearly on a vector space V, 
then o(g) is an invertible linear map from V to itself. When we need to be precise, 
we will write (0, V) for the representation p(g)v for g € G and v € V. Where 
there is no chance for ambiguity, it is customary to use the “lower dot” notation and 
write g.v for the action of g on v. It is common, if somewhat imprecise, to just say 
“V is a representation of G.” The terminology “V is a G-module” or “V is a G- 
space” is also seen in the literature, and sometimes we see the expression “V carries 
a representation of G.” 


Exercise* 1.86 Let V = R*. Consider the permutation representation, where 53 
acts on V by permuting the standard basis (column) vectors as in Example 1.22. 
Write out the matrices for this group action. Hint: if GL(n, R) acts on R” by 
left multiplication of column vectors, and if o is a permutation in $3 with o the 
corresponding matrix, then the ith column of G is the image of the ith basis vector. 
The resulting matrices should consist of only zeros and ones, with a unique one in 
each row and column. Such matrices are referred to as permutation matrices. 


Definition* 1.87 Once bases are chosen, any linear map between any two finite- 
dimensional vector spaces can be considered as a matrix acting by multiplication 
on the coordinate vectors, and we call this the matrix realization of the linear map. 
Exercise 1.59 gives the matrix realization of the rotation Rg. Similarly, the matrices 
such as o from Exercise 1.86 are called matrix realizations of the representation. 
When we need to be more precise we will use the notation O(c). 


Exercise* 1.88 Let G = (R*, x) be the group of non-zero real numbers under 
multiplication, and let P denote the vector space of polynomials (in one variable) 
of degree two or less. Verify that the action of G on P2 given by a.p(x) = p(a7!x) 
is a representation of G on P2. What is the matrix realization of this representation 
with respect to the standard basis {1, x, x?} for P2? 


1.6 Representations on Function Spaces 15 


Exercise 1.89 If a real vector space V is a representation of G, revue from linear 
algebra that the map g + g is a group homomorphism between G and GL(n, R). 


Exercise* 1.90 Recall from linear algebra that rotations and reflections in R? are 
linear maps from R? to R? (see Exercise 1.59). Write out the matrix realization of 
the symmetries of the equilateral triangle from Exercise 1.51 with respect to the 
standard basis for R*. You might also try this for the symmetries of the square in 
Exercise 1.52. Verify that these matrices are all unitary (Exercise 1.61), which is the 
same as orthogonal since the entries are real numbers. 


Exercise 1.91 Let G be the group {1, i, —1, —i} from Exercise 1.46. Verify that the 
map @: G > GL(2, R) given by 


10) 2. (0-1 -1 0 ene ae 
ase ( i) pe ( 0 ) = ( 0 “) aaa (" ) 


is a group homomorphism, and therefore ¢ is a representation of G on R?. 


1.6 Representations on Function Spaces 


If S is aset, and if F is a field of scalars, then the collection of scalar-valued functions 
on S, 


F[S] := {f | f: S— F}, 
is a vector space. Addition and scalar multiplication in F[S] is defined by 
[f + glx) := f(x) + g(x), and [rf]@):=r[f@], reF. 
In other words, addition of functions is defined via addition of scalars in the target- 
space, and similarly for scalar multiplication. If G acts on S, then we can define a 
representation of G on the vector space F[S] by 


[g.f](«) = Ie) for f € F[S], gé€G, andxeS. 


This is sometimes referred to as “linearization of a symmetry,” or “linearization of 
a group action.” 
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Exercise 1.92 Verify that this action on a function space is, in fact, a representation. 
Hint: Note that [g.[h. f]](x) = [h. f](g7!x). 


Remark 1.93 If V is a finite-dimensional vector space, then the collection of scalar- 
valued linear functions on V is referred to as the dual space of V, usually! denoted 
V*. It is a standard linear algebra exercise to show that if {ej}? , 18 a basis for V, 


and if we define e* € V* by” 


ee aojay 0 OE 
, : QO otherwise, 


then the set {e*}?_, is a basis for V*. This basis is called the dual basis to {e;}?_,. 
Exercise* 1.94 Verify that the dual basis described in Remark 1.93 is, in fact, 
a basis for V*. Conclude that Dim V = Dim V%*, and therefore V and V* are 
isomorphic as vector spaces. 

Exercise* 1.95 If {e;}_, is an ordered basis for a vector space V, and if 


V=ryjey +roe2 +--- +1nen € V, 


then the ith coordinate function x; is defined by x;(v) = r;. Verify that these 
coordinate functions are the dual basis to the given basis on V. 


Example 1.96 (Very Important) If o € Sy acts on a vector space V by permuting 
the basis vectors, and if x; is the ith coordinate function on V, then 


[o.x;](v) = x:(o~|.v) = xo(i)(v) forall v € V. 
To be clear, the notation [o.x;] means the representation of S, on the coordinate 


functions x;, while the notation o~!.v denotes the permutation representation of S, 
on V. 


' If F is the field of scalars for V, then Homg(V, F) is also common notation for the dual space. 
2 The symbol 6;;, a function of the two variables i and j, is called the Kronecker delta. 
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More explicitly, if o € S, and e; is any basis vector in V, then 
[o.x;](e;) = xi(o—|.e;) 


= Xi (€,-1(;)) 


| aittse 7 
O otherwise 
eee 


0 otherwise 


= Xai) (ej). 
Thus 0.x; = Xo(j). 


Remark* 1.97 There is a related action of S,,, called a place-permutation action, in 
which S,, acts on positions or places. 


1.7 Hints and Additional Comments 


Example 1.7 Recall that an operation * on a set S is commutative ifa*b =bxa 
for all a,b € S. For historical reasons, when discussing groups we use the term 
Abelian, after Niels Abel. As such, the term “Abelian” should be capitalized in the 
literature, but often is not. 


Exercise 1.13 Check that the two permutations y and t from Example 1.5 do not 
commute. 

Ifo and ¢ are arbitrary permutations, then (0 0€)0(¢~! oa!) =ao(tot!)Jo 
o~! =e. Thus 


@oty =f" oa", 


as is the case for all non-commutative operations, such as multiplication of invertible 
matrices. Note that associativity is required. 

If there are n elements in a set, then there are n ways to choose the first element, 
leaving n — 1 ways to choose the second element, n — 2 ways to choose the third, 
etc. Thus there are n! distinct permutations on a set with n elements. In other words, 
|Sn| = nl. 
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Exercise 1.16 As in Exercise 1.15, suppose that there is some other element, say 


g’—!, such that gg’! = g’"!g = e. Then 


Note that associativity is required. In non-associative settings there can be distinct 
left and right inverses, as well as distinct left and right identities. 


Exercise 1.17 This is virtually identical to the case for invertible matrices, which 
can be found in any linear algebra book. The most complete proof would use 
induction on k. 


Exercise 1.29 A relation on a set is a way of pairing (relating) two elements from 
the set. For example, the inequality a < b for a, b € R is a way of relating two real 
numbers. An equivalence relation, typically denoted ~, is a relation that generalizes 
the notion of equality. A relation ~ is an equivalence relation on a set S if 


¢ aw~aforalla é S (reflexive); 
* a~b=>b~a (symmetric); 
¢ a~bandb~c=><a ~ ¢ (transitive). 


The relation < on R is reflexive and transitive, but not symmetric. One example of 
an equivalence relation that you should be familiar with from linear algebra is the 
relation of similar n x n matrices. 

The equivalence class of a € S, denoted cl(a), is the set of all elements in S that 
are equivalent to a. That is, cl(a) := {b € S | b ~ a}. For the case at hand, we wish 
to show that “is in the same G-orbit” is an equivalence relation, and consequently 
o(a) = cl(a) 

Now “a is in the same G-orbit as b” means that a = g.b for some g € G. But 
then ela = b, so “b is in the same orbit as a,’ and the relation is reflexive. If 
a = g.b, andifc = h.b, thena = eh c. and thus a is in the same orbit as c, so 
the relation is transitive. Obviously a is in the same orbit as a since a = e.a, so the 
relation is reflexive. 


Remark 1.30 An elementary example of an equivalence relation is that of equality 


of two rational numbers in Q. If a, b, c, d are integers (with b, d 4 0), then we say 
that 


a Cc, ; 1 3 
— = — if and only if ad = bc, and thus ~ = -, etc. 
b od 2 6 
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If we were to define a “function” f: Q > Z by f(%) = a, then ff) = |, but 
f (2) = 3, so this “function” is not well-defined on equivalence classes. Similarly, 
the “operation” 


a Cc a+c 


boa pad 


is not well-defined on equivalence classes (check this), much to the annoyance of 9 
year old students everywhere. 


Exercise 1.36 The relevant observation here is that the list 
k, o(k), 07 (k),...,0"(k),... 
can contain only finitely many distinct elements. For details see Proposition 4.2. 


Exercise 1.37 Apply Exercise 1.36, then apply it again to any element not in the 
first cycle, etc. Since the cycles are disjoint, no letter (on which the permutations 
act) can be affected more than once. For more details see Proposition 4.1. 


Non-Example 1.40 Observe, for example, that 3+ 5 = 8, so the set of odd integers 
is not closed under addition. 


Exercise 1.43 Verifying that k Z is a subgroup of Z is a routine application of the 
definitions involved. The set k; Z is a subgroup of kz Z if and only if k2 divides ky. 


Exercise 1.44 The subset {(x, ax + b) | x € R}, (for a and D fixed elements of R) 
is a subgroup of (R?, +) if and only if b = 0. One easy way to see this is that the 
additive identity (0, 0) must be an element of any subgroup. 


Exercise 1.49 Since H is non-empty, there is some x € H, and by hypothesis, 
xx! = e € H,so H contains the identity. Since e € H and x € H, by hypothesis 
so is ex! = x—! € H, so for any x € H there is an x! € H. If there is another 
element y € H, we have shown that y—! € H and by hypothesis xy = x(y~!)~! € 
H, so H is closed under the operation, which must be associative since it is the same 
operation as G. 


Exercise 1.50 As in Exercise 1.36, if G is finite, then the elements in 
Kees ae ee ae e, 8,28", wea 


cannot all be distinct, so g” = g” for some n > m, and thus g* = g”—” = e. The 
smallest such positive k such that g* = ¢ is called the order of g. 


20 1 First Steps 


Exercise 1.53 As a subgroup of S4, we have 
D4 = {(1), CG, 3), 2,4), 0,26, 4, 0,49, 3), 1, 2, 3,4), , 3), 4), C1, 4, 3, 2)}. 


Verify both geometrically and computationally that D4 is closed, and that each 
element in D4 has an inverse that is also in D4. Each of the reflections, along with 
the identity, (for example, {(1), (1, 3)}) constitutes a subgroup of order 2, and the 
rotations form a subgroup of order 4 that contains a subgroup of order 2. 


Exercise 1.54 The key observation here is that any two-cycle is its own inverse. 


Exercise 1.55 Writing out the 6 subgroups of $3 should be routine. I was just 
kidding about the others: There are 30 subgroups of S4 (you should give this one a 
try), and 156 subgroups of Ss. There are 1455 subgroups of S¢. 

You should try and get a feel for what some of the subgroups of S4 and $5 “look 
like.” For example, the subgroups of Ss that permute only three letters are “just like” 
53. How many such subgroups are there? 


Exercise 1.56 Use the properties of the determinant function. For example, if A and 
B are in SL(n, R) then Det(AB~!) = Det(A) Det(B)~! = 1-1 = 1, hence AB™! 
is in SL(n, R), and thus SL(n, R) is a subgroup of GL(n, R) by Theorem 1.48. 


Exercise 1.57 Apply the definitions involved and the properties of the matrix 
transpose. For example, If A and B are in O(n, R) = O(n) then 


(AB~!)7(AB7!) = (B~7 A")(AB7!) (using properties of transpose) 
= B-'(A™A)B™! (by associativity) 


= B-T]B7! (because A € O(n)) 
= B-TB-! 
= (BBT)-! 
=! (because B € O(n)). 


Hence AB~! € O(n) and so O(n) is a subgroup by the One Step test. It is a standard 
fact from linear algebra that orthogonal matrices preserve the standard inner product 
on R”, and thereby preserve lengths and angles. It follows that the orbit of any point 
s € R" is the set of all points lying the same distance as s from the origin. That is, 
a hyper-sphere in R”. 

The group O(n, R) is often referred to as the group of rigid motions in R", 
that is, rotations and reflections. It is routine to check that if A € O(n, R), then 
Det A = +1. The subgroup SO(n, R) = {A € O(m,R), Det = 1}, called the 
special orthogonal group, preserves orientations, and so is the group of rotations 
in R”. 
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Exercise 1.64 Let J denote the identity matrix, and let E;; denote an elementary 
matrix (with a | in the i, j position, and zeroes elsewhere) so that J + Ejj € 
GL(n, C). If M is central, then J + E;;)M = MU + E;;), and hence E;;M = 
MEj;. 

Now the M E£;; consists just one non-zero column, the ith column of M is the jth 
column of the product (and zeroes elsewhere), while E;;M consists just one non- 
zero row, the jth row of M is the ith row of the product (and zeroes elsewhere). For 
these two products to be equal, we must have M;,; = M;,; for alli, 7. Therefore, M 
must be a scalar multiple of the identity matrix /. 


Exercise 1.74 Here is the verification of Example 1.72. Let t, s € R, and define 
@:(R,+) > SL2,R) by o(t)=(45)- 


Then 


wos) = (41) (44) = (44) = 40 +9). 


Note the two different operations of matrix multiplication and addition of real 
numbers. 


Exercise 1.75 Let G be the set of all permutations in S, that fix some k € 
{1,..., a}. Verifying that G is a subgroup is a routine application of the One 
Step Test for Subgroups. The groups G and S,—1 are isomorphic because they are 
permutation groups on a set with n — 1 elements. The actual “labels” of the elements 
being permuted is immaterial. 


Exercise 1.78 Since n > 3, we can find positive integers i, j,k such that 1 <i < 
j < k <n. Then check that the transpositions (i, 7) and (j,k) don’t commute. 
Alternatively, for n > 3, every group S, contains S3 as a subgroup, which we can 
verify directly is non-Abelian. 


Definition 1.87 We’ll take this opportunity for a review. Suppose V and W are 
finite-dimensional vector spaces, and let 6: V — W be linear. Choose a basis 


{V1,.--, Vm} for V, and a basis {w1,..., W,} for W. Then, if 


V=PriVit--:fmVm, andif @(v) =W=s,Wit::-s,Wn, forscalars r},..., 8p, 
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then there is ann x m matrix @, called the matrix realization of , such that 


Tm 


and where the ith column of d is the coordinate vector of ¢(v;) with respect to the 
basis in W. It is customary to write the coordinate vectors as column vectors so that 
we can multiply by matrices on the left, just as we write f(x) rather that (x) f. 


Exercise 1.86 Foro € $3, let denote the matrix associated with the permutation 
representation on R?. For example, using the hint we have 


— 010 a 001 
(1,2)=] 100] and (1,2,3)=] 100 
001 010 
Check that ot = OT, and thus the map o + o@ is a homomorphism. More 


generally, we know from linear algebra that composition of linear maps corresponds 
to multiplication of their respective matrix realizations. 


Exercise 1.88 


Exercise 1.90 Here are a few example computations to get you started. Position 
the triangle so that the origin is at the triangle’s center, and so that a vertex is on the 
y-axis. 

Reflection across the line running from the top vertex to the midpoint of the base, 
i.e. the y-axis, has the following action on the standard basis vectors 


WE) = -f0) 


so the matrix realization of this symmetry is 


oe 
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For a counterclockwise rotation by 60° we have 


cos = 5 cea ie — sin = = 
te |. = ; 2 = 
sin > V3 ui 


so the matrix realization of this symmetry is 


1 _¥v3 
2 pe 
a ae Be 
2 2 


The matrix realizations for the other rotations and reflections are determined 
similarly. 


Exercise 1.94 For v = vie; + ---+ Unen, and for f € V*, leta; = f(e;) = 
aje} (e;). Then 


Sv) = f(viert:+-+vn) = vi f(e1)+-+-+0n f (en) = avi+-+:+adnIn, so f= ayeyt- iy +ane;. 


Therefore, the dual basis spans V*. 
To show linear independence, suppose that f = aye} +---+ ane; = 0. But then 
f(ei) = a = 0 for all i. 


Exercise 1.95 Let e* be a vector in the dual basis. Then 


eFv = ef (ryey +++ + r7e +++ + nen) 
= ryes(e;) +--+ +rjeF(e;) +--+ +1n@F (en) 
=r, Ofer Ltr, 0 
=f; 
= x;(v), the ith coordinate function on v. 
Exercise 1.97 For place-permutation actions we start with n items labeled by 


1,...,”, such as x1x2...X,, but where position matters. There are two possible 
ways foro € S, to act by place-permutation. 


(1) An element o can move the item in the o(/j)th position to the jth position. In 
this case the action is given by o.x; = x,,j). It is important to remember that 
permutations act on positions. For example, if o = (1, 2,3) and t = (2, 3,4), 
then 


T.[o.x1.x2x3x4] = (2, 3, 4).[C, 2, 3).x1 x2x3x4] = (2, 3, 4).x2x3x1 x4 = X2X1X4X3, 
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because the permutation (2, 3, 4) moves the entry now in position 3, namely x1, 
to position 2, and moves the entry in position 2, namely x3, to position 4, etc. 

Another way to see this is to relabel the result x2x3x1x4 by position; set the 
entry in the first position, namely x2, equal to y;, set the entry in the second 
position, namely x3, equal to yo, etc. That is, 


O.X1XIX3X4 = XQX3X1X4 = YL Y2Y34, 


and consequently 


T.Y1Y2Y3 V4 = Vr(1) Yr (2) Vr (3) Vr (4) = Y1IV3 V4 V2 = X2X1X4X3 


as before. Note that yj = 0.x; = Xj), so that 


t.[o.x;] => T.Yj => Yr(j) = Xo(t(j)) => lot ].x;. 


In this case the action is said to be contravariant since it reverses the order of t 
ando. 

(2) An element o can move the item in the jth position to the o(j)th position, in 
which case the group action is given by o.xj = x,-1(;). Again, permutations 
act on positions. For example, 


(2, 3, 4).[C, 2, 3).x1x2x3x4x5] = (2, 3, 4).x3x1x2x4x5 = XZX4X1X2X5. 


In this case t.[o.xj] = OXp-M(j) = Xo-Me-M(j)) = X(ra)-Mj) = THX), and the 
action is said to be covariant since it preserves the order of t and o. 


® 


Check for 
updates 


Polynomials, Subspaces 
and Subrepresentations 


The symmetric group S, acts on the vector space of polynomials in n variables or 
indeterminants by permuting them in an obvious way. This representation provides 
easy-to-understand examples of some of the basic concepts in representation theory, 
including subrepresentations and intertwining maps. 


2.1 Polynomials 


A polynomial p is a formal linear combination of the form 


n BiB n YY: Yn 
P= Ceayy.tg)¥ 97 XA" +C (By, Bad) Xp AQ” KAA ACK, ¥L AD HAS 
where x1, ..., Xn are indeterminants (that is, fixed symbols without any value), the 
exponents and subscripts a1, ..., ¥) are non-negative integers, and the coefficients 


Cer sin)? (Bt, sBud? 2 EO Mn) 


are scalars in C (although they can be from any field). When necessary or convenient 
we can write this more compactly as 


p= beer 


where @ := (a1,..., @,) is a multi-index, sometimes called the exponent sequence, 
and x® := x}!x5?-++xn". The degree of the monomial x® is |a| := a +a2+---+ 
ay, and the total degree of any polynomial p is the largest degree of any monomial 
appearing as a summand in p. 

Any polynomial p can define a polynomial function p(x) on an n-dimensional 
vector space V, where now x = (x1,...,X,) is the argument of a function, i.e., the 
vector of coordinate functions on V (Exercise 1.95), and the x; are called variables. 


© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022 25 
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For example, if V = R*, if p(x1,.x2) = x7 + x2, and v = (3,4) € R’, then 
p(v) = 32 + 4 since x1(v) = 3 and x2(v) = 4. 

For our purposes it is probably easiest to just think of polynomials as formal 
linear combinations, but we will have occasion to exploit their incarnation as 
functions. It is common to use the notation p(x) for a polynomial in either case. 

Denote the collection of polynomials by P(x), P(x1,..., Xn), P(V), or just P if 
the vector space V or the number of indeterminants/variables is understood from the 
context (or is immaterial). Under the usual operations of polynomial addition and 
scalar multiplication, P is itself a vector space, but with the additional operation of 
polynomial multiplication. We call such an algebraic structure (a vector space with 
the additional operation of vector multiplication) an algebra.' We will usually write 
the polynomials in boldface when we wish to emphasize that we are treating them 
as vectors. 

We define an action of S, on P by in the obvious way. First we define the action 
on each indeterminate; 


O.Xj := Xo(i), 
then extend this definition multiplicatively, defining the action on the monomials by 


Oy aD 


a a, wl a2 a, 
OX = 0. (Ky Ky Xn") = KG) Xg(2) 1 Xa 


a(n)? 
and then extend by linearity, 

O.pi= > Cy o.x”. 
This coincides with the action of S, on the coordinate functions on V, as in 
Example 1.96, and therefore to the polynomial functions on V. Forn < 4, it is 
usually less cumbersome to use x, y, z, and w for the variables. When we wish to 
discuss something in full generality, we may need subscripted variables. 
Example 2.1 Using the above definitions and conventions, we have 
di, 2, 3).(xy?2? +5x*y>z°) = yz-x +5y*2x® — xyz +5x°yt2> for (1, 2, 3) € $3, 
and 


(1, 3, 2, 4).(xy?z w+) = zw’y’x* = xty>zw? for (1,3,2,4) € S4. 
Remark* 2.2. There are several ways to generalize polynomials. 
‘In the case of polynomials as formal linear combinations, the notation F[x1,...,X,] is also 


common. Sometimes we see the terminology P = S(V*), the algebra of symmetric tensors on 
the dual space when considering them as functions. 
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2.2. Subspaces and Subrepresentations 


For each non-negative integer k, denote by Py C P the homogeneous polynomials 
of degree k. The space P, is the set of all polynomials where each term has degree 
exactly k, along with the zero polynomial. For example, x”y + z° € P3 and xyz” + 
2x7y* € Py. 

A homogeneous polynomial defines a homogeneous function; if ¢ is any scalar, 
then p is homogeneous of degree k if 


p(tx1,...,¢Xn) =t* p(x1,..., Xn). 


Exercise* 2.3. Confirm that P; is a subspace of P. What is an obvious basis for 
Px? What is the dimension of 7? Describe the space Po. 


Exercise 2.4 Choose some monomial x” € P(x, ..., X,). What is the S,,-orbit of 
x”? Do this for several different choices of x* and n. 


It is easy to see that permuting the variables of any polynomial in Px will not 
change its degree. In other words, if o € S,, andif p € Px, then o.p € Px, and 
therefore P,; is itself a representation of S,. We call such a subspace a G-invariant 
subspace, or a subrepresentation of G. More precisely, 


Definition 2.5 Let V be a representation of G, and let W be a subspace of V. If 
g.w &€ W for all g € G and all w € W, then W is a G-invariant subspace or a 
subrepresentation of G. 


2.3. ~~‘ Partitions and More Subrepresentations 


The space of homogeneous polynomials of degree k has as a basis those monomials 
whose exponents sum to k. This notion generalizes and has further applications. 

For a positive integer k, a composition of k is a way of writing k as the sum of 
a sequence of non-negative integers A := (A1,A2,..., Ae), with |A| = Ay +A2+ 
... + Ag =k. For example, (1, 2, 2), (3, 2), and (3, 2, 0, 0) are all compositions of 
5. In this case we write A — k, and two compositions are equivalent if they are the 
same up to the order of the terms. 

If we further require that A; > Az > ... > Ag => O, then we say that A is a 
partition of k with length £, and write 2 | k. Each partition 4 | k is a representative 
of those compositions of k that are equivalent to A. Of course, a partition may 
end in one or more zeros, and we will add or omit trailing zeros when necessary 
or convenient (which will change the length). Also, we may occasionally use the 
more specific term integer partition since there are other partitions in mathematics 
(partitions of sets, of intervals, etc.). Compositions, and especially partitions, will 
arise frequently when discussing the symmetric group and its representations. 
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Exercise* 2.6 Write out all of the partitions of k for several values of k. Hint: Don’t 
be too ambitious; there are 42 partitions of 10. 


Notation 2.7 The partition (1, 1,..., 1) 1 is often written (1”). 


As an immediate application, we will further decompose Px into subspaces 
spanned by monomials of a particular “type” that are labeled by partitions of k. 
If the monomial x? = xpi xh? ae xPn is in Px, then B E k, and we denote by Py the 
subspace of Py spanned by all monomials x? with the composition 6 equivalent to 


the partition a F k. For example: 
x’y and xy” are in P(2,1)(X, y), 
x’y and xy” are in P2,1,0)(X, y, Z), 
xyz and xy 'w- are in P(2,2,1,0)(X, y, Z, W). 
We call Py the subspace of polynomials of type a. 


Exercise* 2.8 Verify that for each a | k, Py is a subspace of Px (x1, X2,.--, Xn)- 
Determine a basis for some examples of Py for, say,n <4 andk <5. 


It should be readily apparent that if we permute a monomial in Py, we could 
never obtain a monomial of a different type. For example, there is noo € $3 such 
that o.x*y = x?. 


Proposition 2.9 For each a - k, Pay is an Sy-invariant subspace of 
Px(x1, X2,---5 Xn). 


Exercise 2.10 Prove the above proposition. While the result is intuitively obvious, 
you should work out the notation required to prove the general case. 


Exercise 2.11 Choose a positive integer n, a partition w | k for some k, and fix a 
monomial x”. Check that the S,,-orbit of x® is a basis for the subspace Py. 


Another way of labeling partitions, and which has applications to polynomial 
spaces, is by cycle class.” If a + k has length £, we let mo denote the number 
of zeros in a, m, denote the number of ones, m2 the number of twos, etc. The 
cycle class is then written (0°, 17!, 2’"2,..., i”). For example, the partition a = 
(5, 3, 3, 2, 2, 2,0,0) 17 has cycle class (07, 19, 23, 37, 4°, 54). 

We will refer to the partition equivalent to the composition m = := 
(mo, 1,™m2,...,mj) F £ as the signature of the partition a. For the above 


? The term arises when discussing the structure of S,,. 
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example, the partition a has cycle class (07, 1°27. 37,4" 5") and signature 
(3,2,2,1,0,0) F 8, which is the partition equivalent to the composition 
(2,0, 3, 2,0, 1). We extend this notion to polynomial spaces; we say that the 
space Py, has signature m if a has signature m. 


Remark 2.12 We emphasize that if S, acts on Py C Pr C P(x1,..., Xn), and if a 
has signature m = (mo,m 1,m2,...,mj;), thenm lt n anda Ft k. For example, Sg 
acts on P(5,3,3,2,2,2,0,0) © P17, and has signature (3, 2, 2, 1,0,0) F 8. We will use 
this idea when we discuss Young permutation modules in Chap. 10. 


Exercise* 2.13 Compute the dimension of Py(x1,...,%n) for several cases of a 
and n. Find a general formula for the dimension of Py (V). 


2.4 + Vector Space Direct Sums 


Here is another instance of “busting things up into sub-things,” and conversely, 
“pasting them together.” 


Definition 2.14 If V is a vector space and if U and W are subspaces of V, we say 
that V is the (internal) direct sum of U and W if : 


(1) V =U + W. That is, any v € V can be written as v = u+ w for some u € U 
and some w € W; and 
(2) U() W = {0}. 


In this case we write V = U @ W, and say that U and W are direct summands of V. 
More generally, given a vector space V with subspaces V,, V2,..., Vx, then 


(1’) the sum 
k 
SOV SHV t Vo +-+-+ Ves vita t-- + | vi € Vi) 
i=1 


is a subspace of V (check this). 
(2') The sum is a direct sum, written Dk_, Vi, if 


V( |) > 4=10) for 1,..4% 


ir 


Exercise* 2.15 Show that if V = U @ W, then the sum v = u+ W as in 
Definition 2.14 (1) above is unique. This is an important property of direct sums. 
Show that this uniqueness condition and the condition that U(|W = {0} are 
equivalent. 
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Exercise 2.16 Let V = a, V;, and for each i choose a vector v; € V;. Show that 
the set {v;} is a linearly independent subset of V. Hint: Induction on k. 


Exercise 2.17 Let V = R?. Let V) be the subspace spanned by the vector (1, 0, 0), 
let V2 be the subspace spanned by the vector (0, 1, 0), and let V3 be the subspace 
spanned by the vector (1, 1, 0). Check that Vi () V2 = Vi.) V3 = V2) V3 = {0}, 
but the sum V; + V2+ V3 is not direct. Conclude that condition (2’) above is required 
for the sum to be direct, and that the condition 


Vi) Vj = {0} fori # j 
is not sufficient. 


Example 2.18 The most obvious examples of direct sums of vector spaces are the 
Cartesian plane R* = R @ R, and 3-space R? =R@R@OR=R* OR. 


On the other hand, given any two (or more) vector spaces U and W, we can 
form the (external) direct sum by defining V = U © W as the set of ordered pairs 
(u, w) with u € U and w € W, and with addition and scalar multiplication defined 
componentwise: 


(u,w) + (W’,w) =(ut+u,w+w), and r(u, w) = (ru,rw). 


The space U (say) can then be considered as a direct summand of V by the 
identification U = {(u, 0) |u € U}. Since the distinction is typically clear from the 
context or immaterial, we will usually drop the designation “internal” or “external.” 
By the way, there are notions of direct sums for other mathematical structures such 
as rings and modules. 


Remark 2.19 There can be lots of ways to decompose a vector space as a direct sum 
of its subspaces. For example, if V = IR’, and if U and W are the subspaces spanned 
by the vectors (1, 0) and (0, 1) respectively, then V = U @ W. But we can also take 
U’ and W’ to be the subspaces spanned by the vectors (1, 0) and (1, 1) respectively, 
and again V = U’ @ W’. Decomposing vector spaces into direct sums in some 
“natural’ or “useful” way is often an important problem. Here is an example familiar 
from basic physics: when determining frictional forces acting on a mass placed on 
an inclined surface, it is useful to resolve the downward gravitational force on the 
mass into two components; one parallel to, and one normal to the surface. 


Exercise* 2.20 Show that if V is a finite dimensional vector space, and if V = 
U @ W, then Dim V = Dim U + Dim W. 


Exercise 2.21 Let V be a vector space with basis {v1, V2,..., Vn}, and let V; be the 
one-dimensional subspace of V spanned by v;. Show that V = @7_, Vi. 
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Exercise 2.22 Show that Py = ®yutx Py. The notation means that the direct sum is 
taken over all partitions of k. This is intuitively obvious, but it is a good exercise to 
work out the notation and write out the details. 


Exercise* 2.23 Show that if V is a representation of G, and if U and W are G- 
invariant subspaces of V, then U @ W is a G-invariant subspace of V. That is, the 
direct sum of two (or more) representations of G is also a representation of G. 


Remark* 2.24 Since any polynomial can be written as a finite sum of homogeneous 
polynomials, we can write P = Pino Px. Additionally, if p € Px, and if q € Pe, 
then the product pq lies in Px+¢, so P is said to have the structure of a graded 
algebra, or more specifically, a Z-graded algebra (we set P; = {0} whenever k < 0). 
Moreover, since the action of S,, does not change the degree, this action of S, is a 
graded algebra homomorphism. 


2.5 Projection Maps 


If V =U @ W, and if v = u+ was in Exercise 2.15, then the map Py: V > U 
given by Py(v) = Py(u+w) = wis called the projection onto U along W. In 
general, a linear map P: V — V is a projection if the composition P o P = P. 


Exercise 2.25 Find more examples of projection maps. 


Exercise* 2.26 Verify the assertions implicit in the above statement; the map P is 
well-defined, linear, onto U, and that P o P = P. 


Exercise* 2.27 Show that if V = U @ W, and if Py is the projection onto U 
along W, then Ker Py = W. Generalize this result: If P: V — V is linear, and if 
PoP=P,then V =ImP 6 Ker P. 


Exercise 2.28 Let V be a representation of a finite group G. Show that the set 
V° := {ve V | g.v=vforall g € G}, that is, the set of vectors fixed by G, is an 
invariant subspace of V. Show that the map ¢: V —> V given by 


b(v) := at > g.v 


Melee 


is linear and a projection onto V%. Hint: This is a routine application of the 
definitions involved. 
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2.6 _—_Irreducible Subspaces 


Yet another theme in mathematics is that, given some mathematical structure, 
is there some sort of “indecomposable” or “atomic” or “prime” substructure? A 
familiar example is writing any positive integer as a product of prime numbers. 

We have seen that permuting the indeterminants in P(x}, ..., Xn) iS a represen- 
tation of S,,. We also have that Py, the homogeneous polynomials of degree k, are 
Sn-invariant subspaces of P. Furthermore, for each a | k, Py is an S,-invariant 
subspace of Px. Can we decompose any arbitrary representation into a direct sum 
of smaller subrepresentations? Is such a decomposition unique? Can we keep going 
to obtain an unending chain of invariant subspaces or does this process have to end? 
We will see that the answer to these questions can be nuanced. 


Example 2.29 Consider the permutation representation of $3 on P} = Pi1,0,0) = 
span of {x, y, z}. Let Z denote the subspace of all polynomials in P, of the form 
{rx+ry+rz |r any scalar}. Let W denote the subspace of all polynomials in P; of 
the form {rx+sy+tz | r+s+t = 0}. ThenZ and W are S3-invariant subspaces that 
have no proper invariant subspaces. Recall that a subspace W of a vector space V is 
proper if W # {0} and W & V. This example motivates the following definition. 


Definition 2.30 A representation of a group G ona vector space W is irreducible if 
W contains no proper G-invariant subspaces. You might occasionally see this term 
shortened to irrep, especially by physicists or those wishing to save ink. Writing 
“irrep” is certainly easier than writing out “irreducible representation.” 


Exercise* 2.31 Prove the assertions in Example 2.29, that Z and W are subspaces 
and are irreducible. Find a basis for each of the subspaces Z and W. Show that 
Pi=ZTOow. 


Remark 2.32 The subspace Z in Example 2.29 is an example of a trivial repre- 
sentation of S3 (Definition 1.85). The subspace WV, complementary to Z in the 
permutation representation, is often called the standard representation. 


Exercise* 2.33 Work out examples analogous to Example 2.29 for the spaces 
P2,0,0), P(3,0,0)> and Pq,1,0)- 


Exercise* 2.34 We will use these results in a later section. Let w; = z (x — y) and 


Ww = ax + y — 2z) be two basis vectors for the two-dimensional standard repre- 


sentation W of $3 in P(x, y, z). Write out the matrix realizations (Definition 1.87) 
for this representation. 
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That is, if Vv = aw, + bw? for some scalars a, b, and if o € Sy, theno.v = 
a'w, + b’w2 where the matrix realization o acts on the coordinate (column) vector 
by matrix multiplication from the left; 


Equivalently, you could consider the permutation representation of $3 on R? as 
in Example 1.22, where the irreducible two-dimensional subrepresentation has as a 
basis the vectors Ww, = il, —1,0) and wo = ll, 1, —2). Note that this basis 


is orthonormal with respect to the usual dot product on R?. Verify that the matrices 
you obtain are orthogonal (Exercise 1.57). 


Exercise 2.35 Let V be a representation of a group G, and suppose that U and W 
are G-invariant subspaces of V. Show that UO W is a G-invariant subspace of both 
U and W. Conclude that if U is irreducible, then either U1 W = {0} or U isa 
subrepresentation of G contained in W. It then follows that if both U and W are 
irreducible, then either U 17 W = {0} or U = W. Hint: That UO W is a vector 
subspace of both U and W is a standard exercise from linear algebra. That U 1 W 
is G-invariant is a routine application of the definition. 


The above examples illustrate some of the basic issues in representation theory. 
Given a representation of a group, we have seen that we may be able to find 
“smaller” subrepresentations of a given representation, and that some of these may 
contain no proper subrepresentations. A given representation may decompose into 
a direct sum of these irreducible subrepresentations. Conversely, given any two (or 
more) representations of a group we can “paste” them together by taking their direct 
sum (internal or external as needed). 

This leads to two questions: 


(1) What are the irreducible representations, and how do we describe them? 
(2) Given any representation of a group G, can we bust it up into irreducible parts, 
and if so, how? What are these parts? 


As is often the case, we may need to refine exactly what we mean by these questions: 


(1’) Can we find all of the irreducible representations (up to some sort of equiva- 
lence) of a given group? How do we know this is all of them? Is there some 
way to label the inequivalent irreducible representations? Is there some natural 
basis for each one? 

(2') How does a given representation decompose into its irreducible parts? Can we 
always do this? If so, how? 
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2.7 Hints and Additional Comments 


Remark 2.2 Generalizations of polynomials. 
A power series is like a polynomial, but with infinitely many terms corresponding 
to the non-negative integers. For example 


tox 5x? x? ass, 


A formal power series is one in which x is an indeterminate, not a variable,* 
sO We can ignore any questions of convergence (absolute, conditional, uniform, or 
otherwise), and therefore we can add, subtract and multiply formal power series 
fearlessly. 

However, if we treat the x as a variable, as with Taylor series, then we are forced 
to consider issues of convergence. For example, 


1 


L472 t2etatyes 
1-x 


is true only for those values of x that lie in the interval [—1, 1), but this is true 
formally when x is an indeterminate. You should try this, either using long division 
(as with polynomials), or by verifying that 


f=(-—s\lta $7 4474) 

by multiplying out the right-hand side. Note that you can never stop! 

A Laurent polynomial is like a polynomial, but allowing negative exponents. For 
example 

gO 49x 424 ~4 Ax?, 

and this notion can be extended to Laurent series, both as formal series and as 
Laurent series expansions of functions. 

A matrix polynomial or power series has square matrices as variables or 
indeterminates. 

A trigonometric polynomial is a linear combination of the functions sin(nx) and 
cos(nx) such as 


2+ 3sin(x) + 4cos(x) + 5 sin(2x) + 6cos(2x) + 7 cos(3x). 


There are also trigonometric series. 


3 There can be multiple indeterminants or variables. 
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Exercise 2.3. Verifying that Py is a subspace of P is a routine application of the 
“Subspace Test” from linear algebra. The distinct monomials of degree k are an 
obvious and convenient basis for P;, and the dimension of P; is then the number of 
distinct monomials of degree k inn variables. There is a combinatorial formula that 
provides this number, but here is a nifty “proof by picture.” 

We let k dots represent the degree of each monomial, which we then apportion 
among the n variables by dividing up the dots with n — | vertical lines. The figure 
below depicts this for the monomial x? y?z?. 


alaaiiss 
Thus there are (ee 7) ways to position the n — | lines among the n +k — 1 dots and 
lines, which is the dimension of the space of homogeneous polynomials of degree k 
inn variables. The space Po consists of the constant polynomials. 


Exercise 2.6 To get you started, here are the partitions of 5; 
(5), 4,1), G,2), G1, 1), @, 2,1), @,1,1,1), and (1, 1,1, 1, 1). 


Exercise 2.8 An obvious basis for Py is to take all permutations of x*. For 
example, the set 6 = {x’y, xy’, x2z, xz’, y°z, yz} is a basis for P(2,1,0)(X, y, Z)- 
Note that 6 is the S3-orbit of any one of its elements. 


Exercise 2.13 Consider the subspace P(2,2,1,1,1,0)(X1,-.-, X6). There are 6! ways 
to permute the variables in, say, the monomial X7X3X3X4X5, but some of them 
have no effect; the 2! permutations of x; and x2, and the 3! permutations of 
x3, X4 and x5. Thus there are aH distinct monomials in P(2,2/1,1,1,0)(X1,---, X6)- 
More generally, if P,(x1,..., Xn) has signature 1, then it’s dimension is nm where 


dM? 
Al: Ay!Aa!,...An!. 


Exercise 2.15 To show that the sum is unique, we suppose that we can write v in 
two different ways; 


v=u+w=u +wW forsomeu,u € U andw,w e W. 


This implies that u— u! = Ww — we U()| W = {0}. Thusu= wu’ andw=w’. 
If every v € V can be written uniquely as v = u+ w for some u € U and some 
w € W, andif v € U() W, thenv = u+ 0=0+w, and hence v = u= w= 0. 


Exercise 2.20 This is a standard result from linear algebra. Let V = U © W, let 
{uy,..., Uk} be a basis for U, and let {Wk+1,..., Wn} be a basis for W. We claim 
that B = {uy,..., Uk, Wk+1,---, Wn} is a basis for V. Certainly B spans V since 
we can write any v © V as v= u-+ w. To show that B is linearly independent, we 
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set ryUy +--+ regu ++ +741 WK4+1 ++ ++ +7nWn = 0. Some simple arithmetic 
gives 


ryuy tees berg toe = ree Wi — ++ —rnWn € UL) W = {0}. 


But then all of the coefficients must be 0 by the linear independence of the bases for 
both U and W. The result follows. 


Exercise 2.23 If v ¢ U@W, then we can write v = u+w for some u € U and some 
we W. Since g € G acts linearly, we have g.v = g.(u+w)=gu+g.weU@Ww 
because both U and W are G-invariant. Hence U © W is a G-invariant subspace 
of V. 


Remark 2.24 More generally, if G is an additive abelian group, and if A = 
Diec Aj;, is an algebra with an associative product *, where {Aj}icg is a family 
of algebras indexed by G, and such that Aj * A; C Aj+j, then A is called a G- 
graded algebra. 

In our case, we can further refine the grading by writing the homogeneous spaces 
Px as a direct sum of the subspaces Py for a - k, and note that the action of S;, 
is still a graded algebra homomorphism. What is the abelian group that labels the 
homogeneous subspaces? Hint: Suppose a F k, and BF ¢. If p € Py andifq € Pg 
where is pq? 

If we first try an example, say for xy € P2,1,0) and xyz € P(,,1,1), then 


(x*y) (xyz) = x*y7z € P,2,1), where (3, 2, 1) = (2, 1,0) + (1, 1, 1) added componentwise. 


Thus P(x1,...,%Xn) is graded with respect to the group (Z", +), the group of n- 
tuples of integers with componentwise addition. 


Exercise 2.26 Projection maps are well defined by Exercise 2.15. Projection maps 
are surjective because if u € U, thenu = Py(u). 


Exercise 2.27 To show that V = ImP + KerP, let V be a vector space, and 
suppose that P: V — V is linear, with P o P = P. For any v € V, we certainly 
have v = P(v) + [v — P(v)], and clearly P(v) € Im P, so we need to show that 
[v — P(v)] € Ker P. A direct application of the hypotheses yields 

P({[v — P(v)]) = P(v) — P(P(v)) = PCy) — P(v) = 0, as desired. 


To show that this sum is direct, we suppose that w € Im P{ ] Ker P. This means 
that w = P(v) for some v € V, and that P(w) = 0. Then 


w = P(v) = P(P(vy)) = P(w) = 0. 


Hence Im P (] Ker P = {0}. 
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Exercise 2.31 The subrepresentation Z is clearly irreducible since it is one dimen- 
sional, and the polynomial x + y + zis a convenient basis. There are lots of possible 
bases for W, one being {x — y, x — z}, another being being {x — y,x + y — 23}. 

To show that P} = T@W, we first note that if q = ax+by-+cz (for some scalars 
a,b, c)is in Z(|W, then we must have botha = b = canda+b+c = 0, and 
hence q = 0. To conclude that Pj} = Z + W, we can write an arbitrary polynomial 
in P| in terms of the bases for Z and W, but it suffices to just add up the dimensions. 

To show that W is irreducible, first note that any proper invariant subspace must 
be one-dimensional, and so spanned by a non-zero vector p = ax+by+czfor some 
scalars a,b,c witha + b+c = 0. A few calculations show that, if (1, 2).p = rp, 
and if (1, 2, 3).p = sp for some scalars r and s, then a = b = c = 0, contradicting 
p #0. 


Exercise 2.33 The set {xy, xz, yz} is a convenient basis for P(1,1,0). It should 
be clear that the set {xy+xz-+ yz} is a basis for a copy of Z and, say, 
{xy — xz, xy — yz} is a basis for a copy of W. 


Exercise 2.34 Here are two computations to get you started. The vector (1, 2).w1 = 
—wy, and (1, 2).w2 = woz, so with respect to this basis the matrix realization is 


ae -10 
1,2)= : 
w= (39) 
Now (2, 3).w, = Sx — z) = aw, + bwo for some scalars a and b. We can 
solve for a and b by equating the coefficients for x, y and z to obtain 


1 J3 
1.2): =s —wW). 
(1, 2).wy 51+ "We 


Bw 1+ SW, so the matrix realization for this case is 


ree 1B 
aa=(% ar 


v3 _1 
2 2 


Similarly, (2, 3).w2 = 


Check that these matrices are all unitary, which is the same thing as orthogonal 
since the matrix entries are real numbers. Compare these results with the results 
of Exercise 1.90. By the way, note that the vectors w; and w2 are orthonormal 
with respect to the naive inner product obtained by declaring that the basis vectors 
{x, y, z} are mutually orthonormal. 


® 


Check for 
updates 


Intertwining Maps, Complete Reducibility, 
and Invariant Inner Products 


We introduce the relevant linear maps that also preserve the algebraic structure of 
group representations. We use these intertwining maps to prove Maschke’s theorem, 
that every representation of a finite group on a complex vector space is completely 
reducible. We then review and expand on the notion of inner product spaces, and 
use G-invariant inner products to give another proof of Maschke’s theorem. Finally, 
we discuss representations on dual spaces. 


3.1 Intertwining Maps 


Recall from linear algebra that for vector spaces V and W, the set of all linear 
maps from V to W is itself a vector space, denoted Hom(V, W), and when V and 
W are both finite-dimensional, then Dim Hom(V, W) = (Dim V)(Dim W). Along 
the same vein as linear maps between vector spaces, and group homomorphisms 
between groups, we have maps between representations of a group that respect the 
algebraic structure. 


Definition* 3.1 Let (9, V) and (z, W) be two representations of a group G. A 
linear transformation 6: V — W, such that 


¢(e(g)v) = m(g)¢(v) for all g € G, andve V, 


is called an intertwining map (also called a G-intertwining map, a G-module 
homomorphism, a G-linear map, a G-equivariant map or just a G-map). 

If ¢ is also a bijection (and hence invertible), then ¢ is a G-isomorphism, and 
two representations are isomorphic or equivalent if there is an isomorphism between 
them. The set of all G-intertwining maps from V to W is denoted Homg(V, W), 
and is a vector subspace of Hom(V, W). See Exercise 3.6. 
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Notation 3.2 We will use the term G-map for simplicity, and we will say that 
two G-isomorphic representations of a group are equivalent (denoted =) to avoid 
confusion with other types of isomorphisms. 

Notation 3.3 Using the simplified “lower dot” notation, we can write ¢(g.v) = 
g.o(v), being careful to remember that the G-action on the left and the G-action on 
the right may be different. 

As with linear maps and group homomorphisms, we define the kernel of a G- 
map ¢ as Ker@¢ := {v € V | (v) = Ow}, where Oy is the additive identity element 
in W. We define the image of ¢ as Im@ := {w € W | w= ¢(v) for some ve V}. 
Example 3.4 Recall that every linear map is completely determined by its values on 
the basis elements (and then extended by linearity). Here are some explicit examples 
of 53-maps between our polynomial spaces: 
¢ The map ¢: P(1,0,0) > P2,0,0) defined on the basis elements by 

KO xX, yey, ze7. 
¢ The map $1: P(1,0,0) > P(2,1,0) defined on the basis elements by 
Xb xy” + XZ’, Yr x’y + yz, Lite xz + yz. 
¢ The map $2: P(1,0,0) > P(2,1,0) defined on the basis elements by 


Xb xy + xz, Yr xy” +yz, Zt xa + yz. 


Exercise* 3.5 Verify the above examples. Can you find more S,,-maps between the 
polynomial subspaces of various types? 


Exercise* 3.6 Verify that Homg(V, W) is a vector subspace of Hom(V, W). Show 
thatif ¢: V + W isa G-map that is invertible, then d~!: W — V is alsoa G-map. 


The next few exercises require some calculation. A computer algebra system may 
be helpful. 


Exercise* 3.7 Show that the space Homs; (P(1,0,0), P2,0,0)) 1s two-dimensional. 
Exercise* 3.8 Show that the space Homs, (P(1,0,0), P(2,1,0)) is three-dimensional. 


Exercise* 3.9 Let Z be the trivial representation in P(1,0,0) from Example 2.29. 
Show that the space Homsg, (Z, P(2,1,0)) is one-dimensional. 


3.1 Intertwining Maps 41 


Exercise* 3.10 Let W be the standard representation in P(1,0,9) from Exam- 
ple 2.29. Show that the space Homs, (W, P(2,1,0)) is two-dimensional. 


Exercise 3.11 Show that a G-map ¢: V — W is injective (one-to-one) if and only 
if Ker @ = {0}. This is a standard result from linear algebra. 


Exercise* 3.12 Show that if V is a representation of G, and if U is a G-invariant 
subspace of V such that V = U © W for some W, then the projection onto U is a 
G-map. Conclude that the map in Exercise 2.28 is a G-map. 


Proposition 3.13 [f¢: V — W is a G-map, then Ker ¢ and Im ¢ are G-invariant 
subspaces of V and W respectively. 


Exercise* 3.14 Prove Proposition 3.13. Hint: Consider the analogous proposition 
for linear maps between vector spaces, and then apply the definitions involved. 


The following is stated as a lemma for historical reasons, but it is essentially a 
corollary to Proposition 3.13. 


Lemma 3.15 (Schur’s lemma) /f V and W are irreducible representations of G, 
and if 6: V — W is a G-map, then either @ is identically zero, i.e., the zero-map, 
or ¢ is an isomorphism of G-spaces. 


Proof Since Ker ¢ is an invariant subspace of V, and since V is irreducible, Ker 
is either equal to {0} or all of V, and hence ¢ is either injective (Exercise 3.11) or 
the zero-map. If ¢@ is non-zero and hence injective, and since Im@ is an invariant 
subspace of W which is irreducible, it follows that Im@ = W, and therefore 
go: V — W isa G-isomorphism. Oo 


The next lemma emphasises the utility of complex scalars. 


Lemma 3.16 (Schur’s Lemma, Strong Version) /f V is a complex vector space 
that is an irreducible representation of G, and if ¢: V — V is a non-zero G-map, 
then ¢ is a scalar multiple of the identity. 


Proof Since ¢ is not identically zero and the complex numbers are algebraically 
closed, @ has a non-zero eigenvalue c with corresponding eigenvector v,. Let 
I: V — V be the identity map. Since ¢ is a G-map, the map ¢ — cI is also a 
G-map, with v, € Ker(@ — cI). Consequently, @ — cI cannot be a G-isomorphism 
by Exercise 3.11, and therefore must be identically zero. That is, @é = cl. oO 
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Schur’s lemma yields the following important corollaries. 


Corollary 3.17 Let V and W be two representations of G, with V irreducible. Then 
Dim Homg(V, W) = 0 if and only if W contains no subrepresentation equivalent 
toV. 


Corollary 3.18 Let V be a complex vector space that carries a representation of 
G. Then Dim Homg(V, V) = | if and only if V is irreducible. 


Exercise* 3.19 Prove Corollaries 3.17 and 3.18. 


Exercise* 3.20 Use the G-maps from Exercise 3.5 to obtain two distinct irreducible 
subspaces of P2,1,0) equivalent to the standard representation W in P(1,0,0). 


Here is another collection of interesting intertwining maps. 


Exercise 3.21 Define X: P(x, y, z) > P(x, y, z) by X(p) = (k+y+z)p. In other 
words, multiply the polynomial p by (x + y + z). Show that X is an S3-map. Apply 
this map to some of the irreducible subspaces previously obtained and describe the 
results. 


Exercise 3.22 Define D: P(x, y,z) > P(x, y,z) by D(p) = (dy + dy + 0z)p. 
In other words, take the partial derivatives of p with respect to each variable, and 
then add them together. Show that D is an S3-map. Apply this map to some of the 
irreducible subspaces previously obtained and describe the results. 


Exercise* 3.23 Define §: P(x, y,z) > P(x, y, z) by 
3(p) = (xd, + x0, + yOx + yd, + 20, + Zdy)p. 


For example, the operation xd,(p) means “take the partial derivative of p with 
respect to y, then multiply the result by x.” Show that ¥ is an S3-map. Apply 
this map to some of the irreducible subspaces previously obtained and describe the 
results. A computer algebra system may be useful here. 


3.2. Complete Reducibility 


We saw in Example 2.29 that P(1,0,0) = Z @ W decomposes into the direct sum 
of two irreducible subspaces. A representation that is a direct sum of irreducible 
representations is said to be completely reducible. 


Definition 3.24 If V is a representation of G and if U is a G-invariant subspace 
of V, then a complementary subspace is a G-invariant subspace W such that V = 
U® W. 
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In Example 2.29, W and Z are complementary subspaces in Pj 0,0). 


Theorem 3.25 (Maschke’s Theorem) /f V is a complex! vector space that carries 
a representation of a finite group G, and if U is a G-invariant subspace of V, then 
there is a complementary subspace W of V such that V = U @ W. 


Proof This proof skips some details, but you should work through them and verify 
the assertions. 

The idea is to construct a projection of V onto U that is also a G-map. 
Using Exercise 2.27 and Proposition 3.13, it follows that the kernel W will be a 
complementary G-invariant subspace with V = U @ W. 

Let Po: V — U be any projection of V onto U. We then construct a new 
projection P (averaging Po over G) by defining 


Then P is the desired G-map from V whose image is U, and whose kernel W is the 
desired complementary subspace. Oo 


Corollary 3.26 Every finite-dimensional complex representation of a finite group 
is completely reducible. 


Exercise* 3.27 Prove Corollary 3.26. 


Non-Example 3.28 Consider the representation of the group (IR, +) on R? given by 


t(x,y)= tty, y= ¢ ‘) BE 


Then the x-axis is an invariant subspace with no complementary subspace. 


Exercise 3.29 Verify the claims made in Non-Example 3.28: that the representation 
is, in fact, a representation of (R, +), and that the x-axis is an invariant subspace 
with no complementary subspace. Also show that the projection onto the x-axis is 
not a G-map. Hint: Any complementary subspace must be one-dimensional, and 
thus spanned by a vector (a,b) € R?. But this subspace is not G-invariant unless 
b = 0. Why does this not contradict Maschke’s Theorem? 


Remark* 3.30 Since each linear map between finite-dimensional vector spaces 
can be realized as matrix multiplication of coordinate (column) vectors (Defini- 


' To be consistent, we use C as the field of scalars. The necessary property is that |G] 4 0, as is 
the case when the field of scalars has characteristic 0. 
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tion 1.87), Maschke’s Theorem can also be stated in terms of matrices. In this 
context, the theorem says that if V is a representation of a finite group G, then there 
is a basis for V for which the matrix realization of this group action can be written 
in block-diagonal form, where each block is the matrix realization of an irreducible 
representation. 

For example, consider the permutation representation of $3 on P(1,0,0) = Z@BW. 
Using wy = x+y +z as a basis for Z, and using wz = x — y and w3 = x — zas 
a basis for W, we obtain a basis {w1, W2, w3} for P(1,0,0). We see that, for example 
(1, 2).wi = wy, (1, 2).w2 = —wy2 and (1, 2).w3 = —w2 + w3. Thus, with respect 
to this basis, we obtain the matrix realization 


Zs 1 0 0 
d,2)=] 0-1-1 
0 0 1 
You should try this with other elements of $3 and/or with another basis for W. 


3.3 Invariant Inner Products and Another Proof of Complete 
Reducibility 


Recall that an inner product (or a scalar product) on a real vector space V is an 
operation that combines two vectors v, w in V to produce a real number, denoted 
(v, w). This product satisfies the following properties for all v, w,x € V and any 
r,s ER: 


(1) (v, v) = 0 Positive-definite. 
(2) (v, w) = (w, Vv) Symmetric. 
(3) (rv + sw, x) = r(v, x) +.5(w, x) Bilinear. 


While property (3) only guarantees linearity in the first position, together with 
property (2) we have bilinearity; that is, (v, -w+s5x) = r(v, w)+5(v, x) also holds. 
We often see the term positive-definite symmetric bilinear form for this type of inner 
product. An inner product is said to be non-degenerate if, in addition, it also satisfies 
the condition 


(4) Ifv ec V, andif (v, w) = 90 forall we V, thenv=0. 


For complex vector spaces, we replace symmetry (2) with conjugate symmetry, 


(v, W) = (Ww, v), 
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and the inner product is said to be Hermitian. As a result, if a Hermitian form is 
linear in the first position, then it is conjugate-linear in the second position, that is, 
(v, sw) = S(v, w), and the label bilinear is replaced by sesquilinear. 

A vector space with an inner product is called an inner product space. The 
quantity ||v|| = ./(v, v) is called the norm of the vector v, and the properties of an 
inner product guarantee that (v, v), and hence ||v||, is a non-negative real number. 
Two vectors v and w are said to be orthogonal if (v, w) = 0, and orthonormal if 
(v, W) = dy,w (Kronecker delta, see Remark 1.93). We know from linear algebra 
that inner products generalize the geometric notions of length and angle. 


Exercise* 3.31 Verify that if a Hermitian inner product is linear in the first position, 
then it is conjugate-linear in the second position. Look up the meaning of the prefix 
“sesqui.” 


Example* 3.32 We list some examples of inner product spaces at the end of the 
chapter. 


An inner product is not needed to define a norm on a vector space. 


Remark* 3.33 Given areal or complex vector space V, anorm on V is areal-valued 
function v +> ||v|| that has the following properties. 


(1) For every v € V, ||v|| > 0. 

(2) ||v|| = Oif and only if v = 0. 

(3) For every v € V and every scalar a, ||av|| = |a||lv|l. 

(4) The triangle equality holds; that is, for every v, w € V, we have 


lv + wil < vil + Iwi. 


By the above paragraphs, any inner-product space can be a normed space, but there 
are normed vector spaces that are not inner-product spaces. 


Exercise 3.34 You should verify that (at least some of) the examples in Exam- 
ple 3.32 and Remark 3.33 satisfy the properties of inner products and norms, 
respectively. 


Exercise 3.35 Show that the rows (columns) of an n x n orthogonal matrix are 
orthonormal with respect to the standard dot product on R”. Show that the rows 
(columns) of ann x n unitary matrix are orthonormal with respect to the standard 
Hermitian product on C”. 


Certain inner products are useful in representation theory. 
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Definition 3.36 Let V be an inner product space that is a representation of a group 
G. Then the inner product is a G-invariant inner product if (g.v, g.w) = (v, w) for 
allv,w € V,and forall g eG. 


Exercise 3.37 Let G be the orthogonal group O(n, R) of Exercise 1.57. Show that 
the usual dot product on R” is G-invariant. Hint: Write v and w as column vectors 
so that (v, w) = v’ w, where v’ denotes the matrix transpose of v, and where the 
operation on the right-hand side is matrix multiplication. 


Definition 3.38 We can construct an inner product on any finite-dimensional real 
or complex vector space V by choosing a basis for V and declaring that the basis 
vectors are orthonormal, in which case this inner product just reduces to the dot or 
Hermitian inner product on the coordinate vectors. For lack of a better term, let’s call 
this the naive inner product on V. For the polynomial spaces that we are working 
with, we have the obvious monomial bases which provides us with a naive inner 
product. 


Exercise* 3.39 Let S, act on P(x1,...,Xn) aS usual. Show that the naive inner 
product defined above is S,,-invariant. 


Exercise* 3.40 Let V be a representation of a group G with a G-invariant inner 
product. Suppose W is a subspace of V, and let Wt = {v € V | (v,w) = 
0 for all w € W} denote the orthogonal complement of W in V. Show that if W 
is a G-invariant subspace of V, then so is W+. Show that if V is finite-dimensional, 
then V = W @ W-. Hint: You may need to review some linear algebra. 


Exercise 3.41 Let P1(V) be the representation of S3 given in Example 2.29 along 
with the naive inner product. Check that Z+ = W, and that W+ = T. 


Inner products, along with Exercise 3.40, provide us with another proof of 
Maschke’s Theorem. If a representation V of a group G has a G-invariant inner 
product, then any invariant subspace W of V will have a complementary subspace, 
namely W+ by Exercise 3.40. 

Not all inner products are G-invariant, but given any inner product (, ) on V we 
can construct a G-invariant inner product (, )’ by averaging over the finite group G: 


Equation 3.42 


(v, Ww) = Yo (g.v, g.W). 


geG 


Exercise* 3.43 Show that ( , )’ is in fact an inner product that is G-invariant. 
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Remark* 3.44 An inner product space that is “complete” is called a Hilbert 
space, after the German mathematician David Hilbert. Any finite-dimensional inner 
product space is complete, and is therefore a Hilbert space. In Example 3.32, 
L?({—2, 1]) and Fock space are important examples of infinite-dimensional Hilbert 
spaces. There are numerous applications of Hilbert spaces, including ordinary 
and partial differential equations, Fourier analysis, ergodic theory, probability, and 
quantum mechanics. 

A representation of a group G on a Hilbert space H for which the inner product 
is G-invariant is called a unitary representation, and thus every invariant subspace 
has a complementary subspace.* The group G need not be finite and H. need not 
be finite dimensional, but there are versions of “Maschke’s Theorem” for unitary 
representations. 

The above discussion, along with Eq. 3.42, essentially says that any representa- 
tion of a finite group on an inner-product space is unitarizable, and thus the matrix 
realization can be by unitary matrices (Exercise 1.61). Unitary representations have 
important applications in quantum physics, harmonic analysis, and geometric and 
algebraic topology. 


Exercise* 3.45 This exercise strays into the realm of analysis. Consider the inner 
product space C[0, 1] from Example 3.32. Let f, (x) := x” and define 


0 ifx €[0, 1); 
fj Eee 
1 ifx=1. 


Show that the sequence of functions { f,,} converges to f in the norm defined by the 
inner product on C[0, 1]. Since f is not continuous, that is f ¢ C[O, 1], conclude 
that C[O, 1] is not complete, and thus is not a Hilbert space. 
3.4 Dual Spaces and Contragredient Representations 
We wish to expand on the discussion from Remark 1.93 regarding dual spaces. For 
a complex vector space V with basis {vj,...Vm}, we define V*, the dual space of 
V as, 

V* := {6: V >C| ¢ is linear}. 


Vectors in V* are called linear functionals. 


? Subject to certain topological considerations. 
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Exercise 3.46 Let V be a Hermitian inner product space, and fix a vector vo € V. 
Confirm that the map @¢y, defined by ¢y,(v) := (V, Vo) is in V*, but the map v b> 
(vo, V) is not in V*. 


By the discussion of Definition 1.87, for any @ € V*, and anyv=r,vyj +---+ 
rmVm, there is a 1 x m matrix @, i.e, a row vector, such that 


r| 
r2 
GW) = [ais <say Gime 3 
lm 
and where a; = ¢(v;). In other words, if we realize V as a space of column 


coordinate vectors, then we can realize V* as a space of row coordinate vectors. 

Once we recognize the above matrix product as an inner product of coordinate 
vectors, we have a converse to Exercise 3.46, which roughly says that any @ € V* 
can be realized as dy) (Vv) := (V, Vo) for some vo € V. This is a simple example of 
the Riesz representation theorem. 


Exercise* 3.47 Find other examples of linear functionals. 


Now let {v1,... Vm} and {w1,...Wn} V be bases for V and W respectively. For 
any linear map F: V > W, we can define F*: W* — V%*, called the dual of F, 
by 


[F*(6)](v) = 60 F(y). 


Sometimes F* is referred to as the pullback of ¢ along F or the transpose of F. 
Translating this into the language of matrix multiplication we have; 


al 
= r2 


LF*(@)Mv) = [b1..--.bn] |” el 


Tm 
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(as above, b; = ¢(w;), and [bi, ae bn | = ¢), so we can think of F* acting on 
functionals in W* as right multiplication on row coordinate vectors. If we want 
to represent W* as column coordinate vectors, we take the transpose of the whole 
mess; 


by 
bo 


. 


so F* acts by left multiplication on column coordinate vectors via an 
Given a representation (0, V) of G, it is natural to ask how to define a 
representation p* of G on V*. Consistency requires that 


Fr 


’ 


[F*(@)](v) =[n,....7m] 


[p*(g)lo(g)v = o(v), 
and we see that if we define p*(g) := pe), then 
[o*(g)lo(g)v = [o(g_')’ blo(g)v = 6" p(g')p(g)v = (¥), 


as desired. The representation (p*, V*) is called the contragredient or dual repre- 
sentation. 


Exercise 3.48 Verify that (o*, V*) is, in fact, a representation of G. 


3.5 Hints and Additional Comments 


Definition 3.1 Another way to depict the situation where ¢(p(g)v) = (g)@(v) is 
by using what is called a commutative diagram, 


50 3 Intertwining Maps, Complete Reducibility, and Invariant Inner Products 


The diagram is interpreted to mean “we can travel either path from the upper left 
corner to the lower right corner with the same result.” An example that we are all 
familiar with is the composition of functions, f o g = h, which we can depict with 
the diagram 


Some commutative diagrams can be quite complicated. 


Exercise 3.5 The G-maps in the examples can be succinctly described as “x goes 
to the sum of all monomials in which x appears to the power one”, or “x goes to the 
sum of all monomials in which x appears to the power two”, etc. Is this all of them? 
First you need to decide what is meant by “all.” 


Exercise 3.6 It is a standard result from linear algebra that Hom(V, W), the set of 
all linear maps between two vector spaces V and W, is itself vector space. To show 
that Homg(V, W) is a subspace of Hom(V, W) is a routine application of the “Test 
for Subspaces” and the definitions involved. 

To show that the inverse of a G-map is also a G-map, suppose ¢: V — W 
is a linear isomorphism between vector spaces. It is another standard result from 
linear algebra that @~'!: W — V is also linear, and therefore must be a linear 
isomorphism. Thus it remains to show that if @ is a G-map, then ¢~! is also a 
G-map. Now certainly 


ol¢~'(g.v)] = 8.v, 


and by hypothesis ¢ is a G-map, so 


olg.¢ | (v)] = g-$L(¢ | (v)] = g.v. 


Equating these two expressions for g.v we have 


old” '(g.v)] = ol. '(v)I. 


Recall that if a map ¢ is one-to-one, then (a) = @(b) implies that a = b. It follows 
that ¢!(g.v) = g.o'(v), so g7! is a G-map. 

This result provides the answer to the question posed at the end of the hint for 
Exercise 3.5. The set of G-maps between any two representations is itself a vector 
space. Finding “all” such maps boils down to finding a basis for this space. 


Exercise 3.7 To show that Homs,(P(1,0,0), P2,0,0)) is two-dimensional, we will 
find a basis for this space. We will work this out in considerable detail as a model 
for the other similar exercises. 
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Let Wo: P1,0,0) > P(2,0,0) be the map defined on the basis elements {x, y, z} by 
Kb yt, yr x47 and ZexX4+y’, 


then extend by linearity. As with Exercise 3.5, we can succinctly describe this map 
as “x goes to the sum of all monomials in P(2,0,0) in which x appears to the power 
zero’, etc. Similarly let w2: P(1,0,0) — P2,0,0) be the map defined on the basis 
elements as 


xb x’, yt y’ and LE. 


It is straightforward to show that these maps are linearly independent: if awo + 
bw2 = 0 for scalars a and b then ayo(v) + byo2(v) = 0 for all Vv € Py1.0,0). 
Since these maps are linear by construction, it is sufficient to verify this on the basis 
vectors x y, and z. 

Now 


awo(x) + bw2(x) = 0, 
=> aly? + 2°) + B(x’) = 0, 
=> bx*+ay?+ar =0. 


Since the set {x?, y’, z’} is a basis for P2,0,0), we must have a = b = 0 (so it is 
redundant to verify this for y or z). 

To show that these two maps span Homs, (P(1,0,0), P(2,0,0)), we use the fact that 
they are G-maps. Suppose yw: P(1,0,0) > P(2,0,0) is any G-map. Then, for some 
scalars a,b,c, a, B, y3 


W(x) = ax? + by” +c7, 
and W(y) = ax? + By? + yz’. 


Since w is a G-map, we must have for, say, the transposition (1, 2) € $3; 


w((, 2).x) = (1, 2).W(s), 
= wy) = (1, 2).(ax* + by + cz’), 
=> ax? + By? + yz? = bx* +.ay? +c7’. 


Hence aw = b, 8B =a and y =c, and so W(y) = bx? +. ay* + cz’. 
Similarly, for (1, 2,3) € $3; 


w(CL, 2, 3).x) = C1, 2, 3).W(x), 
=> w((, 2, 3).x) = (1,2, 3).(ax? + by? + cz), 
> Wy) = bx? + ay? + ce, 
=> bx* + ay* + cz? = cx* + ay” + cx’. 


Hence b = c. 
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From the two computations above, we conclude that 


wy) = bx’ + ay? + bz? = aly) + by2(y), 


and therefore {io, 2} is a basis for Hom,, (P(1,0,0), P(2,0,0)). The computations on 
the other basis elements yield identical results. 


Exercise 3.8 Similar to Exercise 3.7, let 


Wo(x) =yz+yz, etc., 
wWi(x) = xy” + xz, etc., 
W(x) = x’y +x?z, etc. 


Then {Wo, W1, 2} is a basis for Homs,(P(1,0,0), P2,1,0)). The proof is essentially 
the same as Exercise 3.7, but the computations are somewhat more involved. 


Exercise 3.9 Let wo, Ww and wz be as in Exercise 3.8. Then any G-map from 
Pa,0,0) to Pi2,1,0), and hence any G-map from Z to P(2,1,9), can be written 
as a linear combination of Wo, Ww; and yw. Now check that yo(xt+y+z) = 
Wi(tkx+y+z) = Yo(k+y+z) so that any one of the maps Wo, Ww or yw can 
serve as a basis for Homs; (Z, P(2,1,0)), which is consequently one-dimensional. 


Exercise 3.10 Again, let wo, yw and wW2 be as in Exercise 3.8. Then any G-map 


from W to P(2,1,0) can be written as a linear combination of wo, w1 and y2. Choose 
a basis, say, {(x — y), (x — z)}, for W C Pi1,0,0). Now observe that the vectors 


Yo(x—y), Wi(x—y), and W2(x—y) 
are pairwise linearly independent, but that 
yo(x—y) + wik—y)+ waxy) =0. 
The same relations hold when applied to the other basis vector (x — z). Thus wo + 
wi +2 = 0, and so any one of these maps is a linear combination of the other two, 
and hence Homs, (W, P2,1,0)) is 2-dimensional. 


Exercise 3.12 To show that g.[ Py (v)] = Py (g.v), we compute 


g.[Pu(v)] = g-[Pu(u+ w)] (since v= u-+ w, forsomeu € U,we W) 
= g.u. (since Py (u+ w) = u) 
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On the other hand, 


Pu(g.v) = Pu(g.{u+ w]) 
= Py(g.u+ g.w) (since g acts linearly) 
= g.u. (since U and W are G-invariant) 


Exercise 3.14 If ¢: V — W is a G-map, we know from linear algebra that Ker @ 
is a subspace of V. To show that Ker ¢ is G-invariant, let v € Ker ¢. Then ¢(g.v) = 
g.o(v) = g.0 = 0. Thus g.v € Ker@, and so Ker @ is G-invariant. 


Exercise 3.19 Corollary 3.17: Suppose that V and W are two representations of 
G, with V irreducible. If Dim Homg(V, W) + 0, then there is a non-zero G-map 
og: V > W. Since V is irreducible, 6(V) = V by Schur’s lemma, and so $(V) 
is a subrepresentation of W equivalent to V. Contrapositively, if W contains no 
subrepresentation equivalent to V, then Dim Homgc(V, W) = 0. 

Conversely, suppose that W contains a subrepresentation equivalent to V. That 
is, W = V’ ®U, with V’ = V. Then there is a G-isomorphism ¢: V > V’ Cc W, 
and so Dim Homg(V, W) > 1. Contrapositively, if Dim Homg(V, W) = 0, then W 
contains no subrepresentation equivalent to V. 

Corollary 3.18: If Vj and V2 are subrepresentations, and if V = V; ® Va, 
then the projection maps Py,: V — V; Cc V and Py,: V > V2 C V are 
G-maps by Exercise 3.12 that are linearly independent (check this), and hence 
Dim Hom, (V, V) > 2. 

Conversely, if V is irreducible, then any ¢ € Homc(V, V) is a scalar multiple of 
the identity map by the strong version of Schur’s lemma. Therefore Homc(V, V) 
is spanned by the identity, and so Dim Homg(V, V) = 1. Note that this is the only 
case requiring complex scalars. 


Exercise 3.20 | If we use the basis {x — y, x — z} for W C P| then 
wi = $1(x — y) = xy? + xz" — x’y — yz’, 

and 
Ww2 = ?\ (kK —Z) = xy” + xz? — x72 — yz. 


Since these two vectors are linearly independent, they must span an irreducible 
subspace equivalent to W by Schur’s lemma. Now 


w3 = $2(x —y) = xX°y + x°z — xy? — yz, 
and 


Wa = $2(X — Z) = x’y +%°2=57 = yz 
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are also linearly independent, and so must also span a copy of W. Check that 
the set {W), W2, W3, W4} is linearly independent in P(2,;,0), and therefore {w1, w2} 
and {w3, w4} must be bases for two separate copies of W. By the way, check that 
pi(x+y+Z) = d2(x+y+2Z). Why? 


Exercise 3.23 First notice that, say, xdy (x?) = 0 and that xdy(y) = 2xy. Some 
calculation shows that F(x? + y? + 27) = 4xy + 4xz + 4yz, so § maps the trivial 
representation in P(2,0,0) to the trivial representation in P(1,1,0). 
Applying ¥§ to the vectors w; and w2 from Exercise 3.20 yields 
§(W1) = y° —x+ 2x*y = 2xy?” + x72 — x0 + yz" - yz, 
and 
F(wo) = 2 — x? + 2x72 — 2x2? + xy - xy” + yz - yz’. 
By Schur’s lemma {¥(w1) and §(w2) span a copy of the irreducible representation 


W in P3,0,0) ® P2,1,0)- 
Can you generalize the maps X, D and §? 


Exercise 3.27 The proof should be clear for more mathematically experienced 
readers, but we present it for the benefit of the novice mathematicians. 

Let V be a finite-dimensional representation of a finite group G. If V is 
irreducible, then we are done. If not, then by Maschke’s theorem, V has an 
irreducible subspace U with complementary subspace W. If W is irreducible, then 
we are done. If not, we apply Maschke’s theorem to W, and continue by induction. 
Since V is finite dimensional, this process has to end, so that V is a direct sum of 
irreducible subrepresentations. 


Remark 3.30 A block diagonal matrix is a square matrix, with main diagonal 
blocks that are square matrices, and the off-diagonal blocks are zero matrices. More 
explicitly, a block diagonal matrix has the form 


A; 0 --- 0 
0 Ao--- 0 
0 0 --- Ag 


where each Aj; is a square matrix. Matrix computations such as products and 
inverses, as well as theoretical considerations, are more transparent with block 
diagonal matrices. 
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Exercise 3.31 If (rv, w) = r(v, w), and if (v, w) = (w, v), then 


(v, SW) = (Sw, Vv) = 5 (Ww, Vv) = S(v, W). 


It in usual in the physics literature for a Hermitian inner product be linear in the 


second position, in which case it is conjugate-linear in the first position. This inner 
product is typically denoted using Dirac bracket notation: (v | w). The vector (v | 
is referred to as a “bra” vector in V*, while | w) is called a “ket” vector in V. 


Example 3.32 Examples of inner product spaces. 


The vector space R”, with the familiar “dot” product given by 
(Vv, W) = (v1,..-., Un) + (W1,..., Wn) = VW, +--+ + Upp. 
The vector space C”, with the Hermitian inner product given by 
(Vv, W) = UW +--+ + UW, 


where the bar denotes the complex conjugate. 
Let C[a,b] be the vector space of real-valued continuous functions on the 
interval [a, b] C R. Then for f, g € C[a, b], the quantity 


b 
(fee i Flxe(x) dx 


defines an inner product on C[a, b]. 
Let P denote the vector space of polynomials in n variables with real coefficients. 
Then an inner product is defined by 


(p,q) := p(0)q(X)|x=0- 


Here p(d) means replace the variables by partial derivatives. In P(x, y) for 
example, p(x, y) = x7y becomes p(d) = a. and then apply this to the 
polynomial g(x, y) and evaluate the result at (x, y) = (0,0). Note that the 
monomials are orthogonal with respect to this inner product. 

Let Mat), ,(R) be the vector space of all real m x n matrices, with inner product 


defined by 


(A, B) = tr(A’ B). 
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° Let L? ([—., 7]) be the space of integrable functions on the interval [—z, 7] C R 


such that 
a 
iy im dx < ©. 
= 


Then 
(f, 8) -<f- f (x)g(x) dx 


defines an inner product on L?({—x, 7]). 
* The Fock space of entire’ functions on C” that satisfy 


i f@f@e**dz < w, 
(eu 


with Hermitian inner product given by 
(f; 8) == I, f (@g@e** dz. 


Here we identify C” with R*". This space has important applications to quantum 
mechanics. 

e Let G be a finite group, and denote by C[G] the vector space of all functions 
from G to C. For a and 6 in C[G], the formula 


(a, B) = — )) a(g)B(e) 


defines an inner product on C[G]. We will use this inner product later. 


Remark 3.33 Here are some examples of normed vector spaces. Let V = R”, and 

let v= (vj,..., Un). 

(1) The 2-norm is the usual Euclidean norm given by ||v||2 = (102), 
which is inherited form the usual inner product. 

(2) The I-norm; ||v|l1 = Y-7_, |vil- 

(3) The p-norm for any integer p > 1; |IVIlp = QOL, |v;|P)!/? 

(4) The supremum-norm; ||V||oo := max; |v; |. 


3 Entire functions are differentiable on the entire complex plane. 
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These constructions can be extended to function spaces. For example, if f € 
C[a, b] as in Example 3.32, then we can define 


b I/p 
ifte=(f il") 


Exercise 3.39 It is sufficient to check this for the basis monomials, and note that 
g.v = g.wif and only if v= w. 


Exercise 3.40 If w € W andu ec W?, then 


(g-u, w) = (g~!.[g.u], g~!.w) = (u, g!.w) = 0, 
first by G-invariance of the inner product and then by the G-invariance of W. Hence 
g.u € W+, so W+ is G-invariant. 

Here are two ways show that V = W @® W-. If V is finite-dimensional, let 
{w1,..., We} be a basis for W, which we can extend to a basis {W1,..., Wk, Wk+1, 
... Wn} for V. Next, apply Gram-Schmidt orthonormalization to this basis for V to 
obtain an orthonormal basis {u4, ... Uy} for which {uy, ... ug} will be a basis for W, 
and {uz+1,...U,} will be a basis for we. 

Alternatively, let Pw be the orthogonal projection onto W. Then Wt = ker P, 
and V = Im P @ Ker P = W @ W by Exercise 2.27. 


Exercise 3.43 To show that we have an inner product is a routine, if some- 
what tedious, verification of the definitions involved. To show G-invariance, that 
(h.v, h.w)' = (v, wy’ for any h € G, use the fact that summing over all g € G is the 
same as summing over gh for all g € G and a fixed h. 


Remark 3.44 Informally, a set is complete if there are no “holes” in it. For example, 
the rational numbers Q are not complete because there are lots of “holes” such as z, 
/2, etc. More formally, a set is complete if every “nicely convergent” sequence 
(called a Cauchy sequence) converges to an element in that set. For example, 
(3, 3.1, 3.14, 3.141, ...) is a sequence of rational numbers that converges to z 
which is not rational, so Q is not complete. The real and complex numbers are 
complete. Of course, in order to talk about convergence we need some notion of 
“distance” (called a metric) so that expressions such as “|a,, — L| < e€” make sense. 
For a Hilbert space, we use the norm obtained from the inner product. 

Normed vector spaces (without an inner product) that are complete are called 
Banach spaces, (after the Polish mathematician Stefan Banach), and play a central 
role in functional analysis. 
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The space C[a, b] in the examples is not a Hilbert space since there are sequences 
of continuous functions that converge (in the norm defined by the inner product) to 
a function that is not continuous (Exercise 3.45), so the space is not complete. 

One of the more straightforward examples of a Hilbert space is the vector space 
¢? (IR) of square-summable sequences in R. In other words, vectors are sequences of 
the form (aj, a2, ...) such that pear a? exists (is finite), and with vector addition 
and scalar multiplication defined component-wise, as in R”. Here the inner product 
is defined as a sort of “infinite dot product” 


((a1, a2, ...), 1, ba, ...)) = Do aby. 


i=1 


The Cauchy-Schwartz inequality guarantees that this sum is finite, so the inner 
product is well defined. The set of standard basis vectors {e;}?°, is an orthonormal 
basis for this space, in the sense that we can write any vector in £7(IR) as an infinite 
linear combination of basis vectors that converges in the norm obtained from the 
inner product. Sometimes the term orthonormal system is used instead of basis in 
this context. Proving that this space is complete is a good exercise for the motivated 
reader with an interest in analysis. What do we mean by a “convergent sequence of 
elements in €?(IR)?” 


The space L?({(—z, ]) from Example 3.32 is also a Hilbert space with basis 


{1/2, sin(nx), cos(nx) |n = 1,2,3...}. 


Bases for less well-behaved infinite-dimensional vector spaces can be much more 
complicated. See [Sm] for a nice discussion that should be accessible to most of this 
audience. 


Exercise 3.45 It is a routine calculus exercise that to show that the sequence f, 
converges point-wise to f. That is, for each x in the interval [0, 1], the sequence of 
numbers { f,,(x)} converges to f(x). 

To show convergence with respect to the norm obtained from the inner product, 
we have 


Ilfn — Fil = (tn — fr fn — f) = (fs fn) — 2 fas f) HAP f)- 
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Considering each of the terms: 


1 1 
1 
no fad = f etextds+ [ eam PAE, 
1 1 
Un ty= fi at-oax+ | x".1ldx=0, 
0 1 


1 1 
nef 0-0dx+ | Payee: 
0 1 


Thus || fn — f || = a and so f, — f in the norm on C(O, 1]. 
For the record, there are other norms on C[0, 1] for which this sequence does not 
converge, and for which this space is complete, although no longer an inner product 


space. 
Exercise 3.47 The observation that the map ¢yw(v) := (v, Ww) defines a linear 
functional on any inner-product space means that we can exploit Example 3.32 for 


examples of linear functionals. 
If f, g € C([a, b]) then 


b b 
wn= fo foods, and on = f° fooecoas 
a a 
are both linear functionals, as is the evaluation functional, 


éec(f) := f(c) force € [a, b]. 


® 


| 
Check for 
updates 


In this chapter we delve further into properties of the symmetric group, some of 
which you were asked to prove in previous chapters. We also introduce the notion 
of conjugation and conjugacy classes, and classify elements of the symmetric group 
according to conjugacy classes that correspond to their presentation as a product of 
disjoint cycles. 


4.1 Cycles and Cycle Structure 


Proposition 4.1 [fk € {1,2,...,n}ando € Sn, then there is a positive integer m 
such that o™+!.k = k, and the elements {k, o.k, 07.k,...,0™.k} are all distinct. 


Proof Consider the set {k, o.k, o.k,.. .}. Since o is a bijection of the finite set 
{1,2,...,}, there must be some positive integers r and t (we may assume r > f) 
so that o”.k = o'.k. Thus 0’ (o")~!.k = ok = k. There are lots of possibilities 
for r and ¢, but those that yield the smallest value for r—t guarantee that the elements 
in {k, o.k, 0?.k,...,0.k} are all distinct, where m =r —t—1. oO 


Proposition 4.2. Every permutation o € S, can be written as a product of disjoint 
cycles. 


For example, (1, 2,3,4)1,5,3) = (,5,4)(2,3) and (1,3,4)G6,4,5) = 
(1, 3)(4, 5). You should work out more examples. 


Proof Choose some k € {1,2,..., 7}, let m be as in Proposition 4.1, and consider 
the cycle 


(k, o.k, 07.k,...,0.k). 
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If m =n, then o consists of just one cycle of length n and we are done. If not, then 
there is some b € {1,2,...,} that is not in the above cycle, and we can repeat 
the above procedure with b. The cycles must be disjoint because if 0” .k = o'.b for 
some 1 < t <r <n, theno’'.k = b, contradicting the choice of b. Continue by 
induction until all the elements of {1,2,...,} are in a cycle. oO 


Proposition 4.3 Disjoint cycles commute. 


Proof Let o and t represent two disjoint cycles in S,, and choose some arbitrary 


J € (1, 2,...,}. Since o and 7 are disjoint, at least one of them, say T, fixes 7. But 
then t must also fix o.j because the cycles are disjoint. Hence ot.j = 0.j = To.j. 
If both o and t fix j, thenot.j =o.j = j andto.j =t.j = j. oO 


We can classify the permutations in S, according to the lengths of their disjoint 
cycles. For example, (1, 2, 3, 4)(5, 6)(7, 8)(9, 10,11) € S$ ; has one 4-cycle, 
two 2-cycles and one 3-cycle, and so has cycle structure (4,2, 2,3). Of course 
(1, 2)(3, 4, 5)(6, 7, 8, 9)(10, 11) has the same cycle structure, so it makes sense to 
describe a cycle structure in some unique way, such as in non-increasing order: 
(4, 3, 2, 2) in this example. That is, we can label cycle structures in S, by partitions 
of n. Furthermore, using the cycle class notation from Sect. 2.3, the above example 
has cycle class (Gee ares 4!) and signature (2, 1, 1, 0). 


Exercise* 4.4 How many elements in S,, have a given cycle class? Hint: Mimic the 
reasoning for Exercise 2.13. 


Exercise 4.5 Let t = (t, fo,..., th-1, t,) be acycle in S,,. Show that 
Siete igen eta) 

Hint: Where does t send some arbitrary t;? Conclude that for any o € Sp, o and 

o~! have the same cycle structure. 

4.2. Generators and Parity 

The following proposition can often simplify proofs involving the symmetric group. 

Proposition 4.6 The group Sn is generated by the two-cycles, also called transposi- 

tions. That is, every permutation can be written as a finite product of (not necessarily 

disjoint) transpositions. 


Proof Since any permutation can be written as a product of disjoint cycles, it 
is sufficient to prove this for an arbitrary cycle. Show by induction on r that 


(a1, 42,43, ...,-) = (1, 42) (42, a3) ++ * (Gr—1, Gy). o 
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Exercise 4.7 Write out some examples that illustrate the above proposition. 


Definition 4.8 If o € S, can be written as the product of an even number of two- 
cycles, then we say it is an even permutation, otherwise it is an odd permutation. 
A permutation can be written as a product of two-cycles in multiple ways, but the 
parity (whether the number of these transpositions is even or odd) is unique. 


Example 4.9 (2,3) = (1,2), 3), 2) = 0,300, 9, 4d, 4, 3). Again, you 
should write out more examples on your own. 


Proposition 4.10 (The Parity Theorem) A permutation cannot be both even and 
odd. 


There are a number of proofs of this; [G], Theorem 5.5, and [L1], Chapter 1, 
Exercise 30 (a) are two completely different proofs. The proof we present here can 
be found in [JK], Lemma 1.1.19. 


Proof The result follows from that fact that the function 


ee 1, if o is even; 

Ber Ll, fo is odd, 
is a well-defined group homomorphism from S, to the multiplicative group {—1, 1}. 
This function is called the sign or signum function, so as not to be confused with the 
trigonometric sine function. For n > 2, we define the difference product Ay by 


An= |[[ G-deZ, 


l<i<j<n 


and define an action of o € S, on A, by 


ohn= [] lo)-o@). 


l<i<j<n 


Now oA, is obviously well-defined since each o(j) and o(7) are well-defined. 
Since o is a bijection of the set {1,2,...,}, the action of o leaves the factors 
of A, unchanged except as to sign, and hence oA, = +A,,. We can thus define 
sgn(o), the sign of o, by 


Oty heen Oe)... o(j) —a(i) 


l<i<j<n 
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It remains to show that sgn: S, — ({—1, 1}, x) is a group homomorphism, i.e., that 
sgn(oT) = sgn(o) sgn(t). To wit: 


sen(or) = [] Ser 
ae Ja! 

l<i<j<n 

_ ll ot(j) oti) t(j) — TM) 
jy ini H=20 

= ot(j) —oti) tj) — TM) 
Vejejax *UI-*@) : oe 

ot(j) — oT) t(j) -— TW) 

l<i<j<n t(j) — t@) l<i<j<n j~! 

= sgn(o) sgn(t). 

Now note that if o is a transposition, then o A, = —A,, and hence sgn(o) = —1. 
Finally, since sgn is a group homomorphism, it follows that sgn(a) = 1 if o can be 
written as a product of an even number of transpositions, and that sgn(o) = —1 if 
o can be written as a product of an odd number of transpositions. oO 


Exercise 4.11 Write out A, and o.A, for several values of n and for several 
permutations o. 


Exercise* 4.12 Show that if o is a transposition, then oA, = —Ay. 


Exercise 4.13 Determine the parity of the elements in S2, $3 and S4. You do not 
need to write out all the elements in each group, just one example from each cycle 
class. 


Exercise 4.14 Show that the set of even permutations in S, is a subgroup of Sy, 
called the alternating group, denoted A,. Note that A, is the kernel of the sgn 
homomorphism. 


Exercise 4.15 This exercise outlines another proof of the Parity Theorem that uses 
facts from linear algebra. 


(1) Foro € Sy, let & be its associated permutation matrix. See Exercise 1.86. 

(2) Recall that the map o +> G a group homomorphism from S,, to GL(n, R). 

(3) Show that if (, 7) is a transposition, then the matrix realization (i,j) is obtained 
by interchanging the ith and jth columns of the identity matrix. 

(4) Recall that the map from GL(n, R) to R given by A + Det(A) is a group 
homomorphism, and hence the composition a t+ @ +> Det(G) is a group 
homomorphism from S,, to R. 
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(5) Recall the “minor expansion formula” for the determinant of a matrix, and what 
happens to the determinant when we interchange two columns of the matrix. 
Conclude that Det(¢) = +1 if o is an even permutation, and Det(o) = —1 if o 
is odd. 


4.3. Conjugation and Conjugacy Classes 


Recall from linear algebra that two square matrices A and B are similar if there is 
an invertible matrix P such that B = PAP~!. We have an analogous construction 
for elements in a group. 


Definition 4.16 Let G be a group, and let h €¢ G. The map ¢,: G > G defined by 
én(g) = hgh"! is called conjugation by h. Given two elements g and g’ in G, we 
say that g is conjugate to g' if there is some h € G such that g’ = hgh7!. 


Exercise* 4.17 Show that conjugation by / is an automorphism of G. 


Exercise 4.18 Show that conjugacy is an equivalence relation. Consequently, any 
group G can be written as a disjoint union of distinct conjugacy classes. Hint: Mimic 
the proof from linear algebra, that similarity of matrices is an equivalence relation. 
Also show that the conjugacy classes are the orbits of the group action given in 
Example 1.21. 


Exercise 4.19 Show that if 7 = (ft, fo,..., f%) isacycle in Sy, then for any o € S, 
oto! = (o.t}, 0.t2,..., 0th). Hint: Check that (oto~!).0.t; = 0.t)41. 


Applying Exercise 4.19 and Proposition 4.2 yields a particularly nice way of 
labeling conjugacy classes for the symmetric group. 


Proposition 4.20 Two elements in Sy are conjugate if and only if they have the 

same cycle structure. As a consequence, we can label the conjugacy classes in Sp 

by the partitions of n. 

Exercise 4.21 How many elements are in each conjugacy class? Hint: Exercise 4.4 
We can also conjugate subgroups of a group. 

Definition 4.22 Let H and K be two subgroups of a group G. Then H is conjugate 


to K in G if, for some g € G, H = gKg™! := {gkg™! | k € K}. Note that 
conjugacy is also an equivalence relation on the set of subgroups of G. 
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4.4 Hints and Additional Comments 


Exercise 4.4 It is usually a good idea to first try some examples. Consider the 
permutation (1, 2)(3, 4)(5, 6)(7, 8, 9)(10, 11, 12) € Siz. While there are 12! ways 
to reorder the numbers 1, ..., 12, some will result in the same permutation. There 
are 3! ways to permute the three two-cycles and 2! ways to permute the two three- 
cycles. Also, we can cyclically permute each of the three-cycles in three ways, i.e, 
(7, 8, 9) = (8, 9, 7) = (9, 7, 8), and each of the two-cycles in two ways. Thus there 
are 12!/(3! 2? 2! 37) distinct permutations with this same cycle-class. 

Generalizing this, we see that if a permutation in S, has cycle class 
(141,272 0, k*ky, then the number of distinct permutations with the same cycle- 
class is 


n! 
11,4! 242r0!.. KAR ARL 


The denominator in this expression appears often enough that it is given a special 
designation by some authors ([M] pg 24, [Sa] pg. 3). IfA and if m; = mj;(A) is 
the number of parts of A equal to i (Sect. 2.3), then 


= ] [emt . 


i=l 


If g € S, has cycle type A, then the number zy is the order of the subgroup Z, := 
{fh € Sp | hgh"! = g}, called the centralizer of g € S,. While you're at it, you 
should verify that if G is any group, and if g € G, then Zg is in fact a subgroup 
of G. 


Exercise 4.12 Observe that if o = (i, j) with i < j, then o only affects the 
following factors in A;,: 


(@) G-1) fori < j, 

(2) G@—-k), G —&) fork <i <j, 
(3) €-1),¢@-y) fori-< j <7, 
(4) (m—-i),G-—m) fori <m < j. 


The effect of o is that the factor in (1) changes sign, the factors in (2) and (3) are 
unchanged except as to the order of the two factors, and both factors in (4) change 
sign. The result follows. 

Exercise 4.17 First note that, for all h, g1, g2 € G, 


bn(gig2) =h(gi gh! =(hgih')(hgoh') = bn(gi)n(92), 


so @: G > Gisahomomorphism. Now verify that ¢ is a bijection. What is (¢,)~!? 


® 


Check for 
updates 


S,-Decomposition of Polynomial Spaces 5 
forn = 1,2,3 


Towards the goal of providing examples, in this chapter we demonstrate explicit 
decompositions of some homogeneous polynomial spaces Px (x1, ...,;Xn) into Sp- 
irreducible subspaces forn = 1, 2, 3. At this stage the methods we use are mostly ad 
hoc, and generalizing these results for n > 3 will require more sophisticated tools 
than those which we employ here. 


Notation 5.1 From now on it will be convenient to denote a vector space V with 
basis {v1, V2,..-, Vn} as V = (vi, V2,.--, Vn), or V = (v1, V2,.-., Vn) if it is 
necessary to specify the field of scalars F. 


5.1 S1 


For the sake of completeness, and at the risk of stating the obvious, the group S; 
consists of only the identity element. The definition of a group action implies that the 
only representation of Sj is the trivial or identity representation, given by o.v = v 
for all v € V and allo e€ 8S). Any k-dimensional vector space decomposes into a 
direct sum of k copies of one-dimensional trivial representations of $j. 


5.2 S2 


Since Sz = {(1), (1, 2)}, any action of $2 on a polynomial p € P(x, y) will either 
leave p unchanged or switch the x and y. 

Similar to Example 2.29, Pi(x,y) = (x,y) certainly contains a one- 
dimensional trivial representation Z, = (x + y )). The complementary subspace, 
which will be more appropriate to call Az in this case, is therefore one dimensional 
with an obvious basis A = (x — y)). Note that, for any v € Az and any o € Sp, we 
have o.v = +v, depending on whether o = (1) (aneven permutation), oro = (1, 2) 
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(an odd permutation). This is the simplest example of the alternating representation 
or the sign representation, given by o.v = sgn(o)v. The alternating representation 
is one-dimensional and so irreducible. To summarize, P(x, y) = Z @ A. 


Notation 5.2 If we need to distinguish between the trivial, alternating, etc. repre- 
sentations of S,, for different n, we will write Z,, An, etc. 


Next we have P2(x, y) = P2,0) ® Pai). Since Pi2,9) = (x?, y?)), it should be 
apparent that P29) = Zo ® A2 = Pii.o). Since Pii,1) = (xy), it should also be 
apparent that P11) consists of only the identity representation. Thus P2(x, y) = 
Tn @1In@ Ad. 

So far we have only seen two irreducible polynomial representations of S>, the 
trivial and alternating representations denoted Z, and A2; we now show that this 
is all of them. Let f(x, y) be any function of two variables. Define f;(x, y) := 
S(x,y) + fQ, x), which is said to be symmetric since it is unchanged by switching 
x and y. Define fa(x, y) := f(x, y) — f(y, x), which is said to be alternating since 
it changes sign when switching x and y. Then f(x, y) = si fs (x,y) + fa(x, y)]. 
That is, any function in x and y (and hence any polynomial) can be written as a sum 
of a symmetric function and an alternating function. Consequently, any S-invariant 
subspace of P(x, y) decomposes into a direct sum of a number of copies of the 
one-dimensional trivial and alternating representations of 5S». 


Exercise 5.3 Decompose Px (x, y) into S2-irreducible subspaces for several values 
of k > 3. 


Exercise 5.4 Show that the maps f > 5 fs and fh 5 Ja are projections. Describe 
the subspaces onto which they project. 
5.3 S3 


We have seen in Sect. 2.6 that P; = Pci.o,0) = (x, y, z) decomposes as the direct 
sum of two irreducible subspaces: 


P| =, 0 W3. 


The identity representation has an obvious basis, 73 = (x + y + z), and it is clearly 
irreducible since it’s one dimensional. The complementary subspace 


W3 = {rx+sy+tz|r,s,t€C;r+s+t=0} 


is irreducible (Exercise 2.31) and two dimensional, so there are lots of choices for a 
basis. One choice would be 


W3 = (x—y,x—2). 
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Now P2 = P2,0,0) ® Pu,1,0), and it’s easy to see that P(2,0,0) = is? y. z°\) 
decomposes just like P(1,0,0); 


P(2,0,0) = 23 8 W3. 


In this case Z3 = (x? + y? +27), and W3 = (x? — y*, x? — z”)). The map defined 
on the basis elements by 


xh x’, 


yry’, 


a 


is an $3-map from P(1,0,0) to P(2,0,0) that is an $3-isomorphism between the 
irreducible subspaces. It’s not quite so obvious that P(;,1,9) also decomposes “just 
like” P, although we might get a hint since Pi4.0) = (xy, xz, yz) is three 
dimensional. We again have a copy of 


T3 = (xy + xz + yz), 
with complimentary subspace 
W3 = {rxyt+sxz4+tyz|r,s,t€C,r+s+t=O0O}. 
Exercise* 5.5 Find G-maps from P to P(1,1,0). There are several possibilities. 


We know that P3 = P(3,0,0) ® P2,1,0) ® Pu,1,1)- It should be clear by now that 
P3.0,0) = (x3, y?, 2°) = Zs ® W3 and that Pcy1,1) = (xyz) = Z3. 

We might begin to suspect that all the polynomial representations of $3 decom- 
pose into copies of Z3 and W3. We might also begin to suspect that these are the only 
irreducible representations of $3. The problem here is that the polynomial spaces 
we’ ve considered up to now haven’t been “big” enough, that is, of sufficiently large 
dimension. Things get more interesting when we decompose the 6-dimensional 
space P(2,1,9) = (xy, x?z,..., yz"). We certainly have a copy of Z3 = (xy + 
x*z+...+ yz"), and we have also seen (Exercise 3.20) that P(2,1,0) contains two 
copies of V3. By adding up the dimensions, it follows that there must be another 
one-dimensional subrepresentation. The missing representation turns out to be the 
alternating representation A3, with the group action given by o.v = sgn(o)v. 

We can find a basis for A3 using brute force as follows: consider a linear 
combination of the monomials in (21,0) of the form v = rpx?y+rox-z+. : +r6yZ’. 
Since v changes sign when acted on by the transposition (1, 2) for example, the 
monomials x*y and xy~ must have opposite coefficients in this sum, and similarly 
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for the other transpositions acting on the monomials. Thus .43 is spanned by the 
vector 


v= x’y = xy” —xz + xz” + yz _ yz. 


Exercise* 5.6 Verify that o.v = sgn(o)v for allo € S3 and v € A; as above. Hint: 
You only need to check this for the two-cycles. Why? 


Exercise 5.7 Check that v = )° 
o.V = sgn(o)v. 


1e53 sgn(r)t.x’y. Use this for another proof that 


Summarizing, we have that P2,1,0) = 23 ® W3 @ W3 ® A3. We say the W3 
appears in the decomposition of P(2,1,9) with multiplicity two, which is written 
P2,1,0) = 13 8 2W3 @ A3, or P(2,1,0) = 3 © we? ® A3 . More generally, if 
U is a vector space and k € N, the notation kU or U®* means U @--- @U. If a 

——— 


k summands 
representation V decomposes into subrepresentations 


V=EkUEW, 


and if W contains no subrepresentations equivalent to U, then we say k is the 
multiplicity of U in V, or that U appears in V with multiplicity k. 


Exercise* 5.8 Decompose several examples of P(x, y, z) fork > 4. Which of the 
{Pz | w+ k} decompose like those in Pz or P3 and why? 


Remark 5.9 Polynomials such as 


1 
K+y+Z= 5 > ox € Pio: 


o€S3 


and 


eyt¢xztxytxet+yzt+ye = a oxy € P2,1,0) 


oES3 


are examples of orbit sums. If G is a group, any polynomial p € P such that g.p = 
p for all g € G is called an invariant polynomial, or a G-invariant polynomial if 
more specificity is required. Polynomials that are S,,-invariant are called symmetric 
polynomials. The polynomial p(x, y) = x* + y? is clearly S-invariant, but it is 
also O(2, R)-invariant (Exercise 1.57). We can define a left action of a matrix [g] € 
O(2, R) on p, (writing elements in IR? as column vectors) by 


oo((D-eleD 


5.4 lsotypic Subspaces and Multiplicities 71 


The study of symmetric and invariant polynomials, and invariant functions in 
general, are important areas of mathematics in their own right, and much of the 
representation theory of the symmetric group is closely related to the theory of 
symmetric functions. 


Exercise 5.10 Check that orbit sums for a finite group G are G-invariant. Also 
verify that p(x, y) = x* + y? is O(2, R)-invariant. 


Exercise* 5.11 Compute the Vandermonde determinant (you may need to look this 
up) in the variables x, y and z. Does this look familiar? What happens when two 
variables are interchanged? 


Exercise* 5.12 A function f(x) = f(%1,...,2%n) is said to be alternating if 
o.f (x) = sgn(o) f (x) for any o € S,. Define 


A(x) := I] (xj — Xi), 


l<i<j<n 


and show that A(x) is a homogeneous polynomial of degree n(n — 1)/2. Show 
that A(x) is alternating, and that any alternating polynomial P(x) is divisible by 
A(x). Conclude that the Vandermonde determinant of Exercise 5.11 (also called 
the Vandermonde polynomial) is equal to A(x), and consequently, any alternating 
polynomial is divisible by the Vandermonde polynomial. 


5.4 _ Isotypic Subspaces and Multiplicities 


The direct sum of the two copies of W3 in the decomposition P(2,1,0) = 7302 W3@ 
® A3 is called the W3-isotypic subspace or the W3-isotypic component of P(2,1,0), 
that is, the direct sum of all the irreducible representations in P(2,1,9) equivalent to 
W3. 


Definition 5.13 If V is a representation of a group G, and if W is an irreducible 
representation of G, then the W-isotypic component of V is the direct sum of all 
irreducible subrepresentations of V that are equivalent to W. 


There can be numerous ways to decompose an isotypic component into it’s 
irreducible subspaces. For example, the G-maps from Exercises 3.5 and 3.20 give 
explicit bases for the two distinct copies of V3 in P(2,1,0), but there certainly are 
other possibilities. 

To illustrate, consider the Z3-isotypic subspace of P2(x, y, z) = 273 @2W3. One 
way to decompose this would be 


273 = (x? +y? + 2°) @ (xy + xz+ yz), 
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which is inherited from the decomposition P2 = P,2,0,0) ® Pc,1,0). But the 
decomposition 


2T3 = (xX +y* +2? 4+xy+xz4+ yz) @ (x? +y? +2 — xy — xz— yz) 


is equally legitimate. This is similar to the issue of choosing a basis for a 2- 
dimensional vector space. 

More generally, if a representation V of G decomposes into a direct sum of 
inequivalent irreducible representations as 


V=m,Vi ®m2V2 @---PmVe, 


then mj; is the multiplicity of the irreducible representation V;, and the subspace 
m;V; is the V;-isotypic subspace. Finding “natural” or “useful” ways to decompose 
and label multiple copies of irreducible representations can be an important problem 
in representation theory and its applications. 


Exercise 5.14 Find different ways to decompose the isotypic subspaces in the 
previous examples. Find new examples. 


The following exercises are generalizations of Corollaries 3.17 and 3.18, and 
provide a method to determine multiplicities in isotypic subspaces. Note that these 
results coincide with the results of Exercises 3.7—3.10. 


Exercise* 5.15 Let V, U, and W be representations of a group G. Show that 
Homg(V, U ®@ W) = Homg(V, U) 6 Homg(V, W). 


Proposition 5.16 Let V and W be two representations of a finite group G with V 
irreducible. Then Dim Homg(V, W) is the multiplicity of V in W. 


Proof By complete reducibility, we can write W = V; ®--- @ Ve ® Wi, where 
each V; = V, and where W; contains no subrepresentations equivalent to V. By 
induction on Exercise 5.15, 


Homg(V, W) = Homg(V, Vi @---® Vi ® W)) 
=~ Homg(V, Vi) ®--- 6 Homg(V, Vz) 6 Homg (V, W}). 


Now DimHomg(V,V;) = 1 for each i = 1,...,k by Corollary 3.18, and 
Dim Homg(V, W;) = 0 by Corollary 3.17. oO 
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5.5 Hints and Additional Comments 


Exercise 5.5 One such map is ¢9: P} — P(1,1,0) that is defined on the basis vectors 
by 


Xb yz, yt xz, and ZP xy. 
Another map is $1: P| — P.1,1,0), defined on the basis vectors by 
Xb xy+xz, yr xy+yz, and zh xz+ yz. 

Exercise 5.6 It is sufficient to just check the two-cycles since they generate S;,. 
Exercise 5.8 We will work out one example in detail. We have 

Pa(x, y,Z) = P(4,0,.0) 8 PB,1,0) B® P2,2,0) B P2,1,1)- 
Decomposing each of the above summands: 

P4,0,0) = (x", y*, 2") = Tz ® W3 = Pao), 
Peto) = (xy, xz, ...,y°z) = Zs @2W3 @ A3 = Pa.t.o), 

P20) = (XY. ye, x2) = T3 ® W3 = Pao, 

Pai) = (x’yz, xy’z, xyz’) = ZT; ® W3 = Pa.io)- 

Why is the decomposition of (3, 1,0) different from the others, and why are these 
other decompositions all the same? The relevant observation is that it doesn’t matter 
how you permute, for example, the variables appearing to the power 0 in P(4,0,0), Or 
how you permute the variables appearing to the power | in P(2,1,1). We will see this 
again when we talk about Young permutation modules in Chap. 10. 

Exercise 5.11 The Vandermonde determinant, denoted A(x, y, z), is given by 
111 
A(x, y,Z):=]|x y z 
x 


ara? ge 


It is a basic result from linear algebra that interchanging any two columns, which is 
just a transposition of the variables, changes the sign of the determinant. 
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Exercise 5.12 The polynomial 


Aw= [] @-x) 


l<i<j<n 
has n — | factors of the form “(x, — *)”; 
(Xn — x1), On — X2),--+, On — Xn-1), 
n — 2 factors of the form “(x,_1 — *)”; 
(Xn—1 — X1), &n-1 — X2),---, An-1 — Xn-2), 
etc. Thus there are (n — 1) + (n — 2) +---+2+1=n(n — 1)/2 factors in A(x). 


When A(x) is expanded, each term is a monomial that has the same type. That is, 


each term is a permutation of the leading term yee tee xt 


If P(x) is an alternating polynomial, then (i, j7).P(x) = —P(x) for each 
transposition (7, j), and it follows that P(x) = 0 if any of the variables x1, ..., xy 
are repeated. 

Define Qn (Xn) := P(x1,.--,Xn—-1, Xn). That is, consider Q, as a polynomial in 


Xn alone. By the previous paragraph, 
On(*1) _ P(x, w OF Xn-15 x1) = 0, 


and so by the Fundamental Theorem of Algebra, (x, — x1) is a factor of Q(x) = 
P(x). Repeating this reasoning, we have that each (x; — x;) is a factor of P(x), 
and consequently so is their product. It follows that P(x) = R(x)A(x) for some 
quotient polynomial R(x) that must be symmetric. 

Since the Vandermonde determinant, 


1 1 1 
Xx) x2 Xn 
2 2 
V(x) = xX) X5 X : 
n—-1 .n-1 n—-1 
xX} X5 Xn 


is alternating, it is divisible by A(x). Since each term in V(x) is obtained by 
multiplying one entry from each row, V (x) is homogeneous of degree 0 + 1 + 2 + 
--+-+(n—1) = n(n—1)/2. Hence V(x) = CA(x) for some constant C. Comparing 
coefficients of the leading terms, XQXS . mo, we see that C = 1, and therefore 


V(x) = A(x), justifying the notation in the previous exercise. 


' This is sometimes referred to as the “Factor Theorem” in elementary algebra textbooks. 
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Exercise 5.15 Let U and W be invariant subspaces and let 6: V ~ U®W beaG- 
map. By Exercise 3.12, the projection maps Py: U@W — U and Pw: U@W > 
W are G-maps. Since compositions and linear combinations of G-maps are G-maps, 
we have 


Py o¢+ Pwod € Homg(V, U) 6 Homg(V, W). 


Conversely, if ¢y € Homg(V,U) and dy € HomG(V, W), then dy + dy «€ 
Homg(V, U ® W). Hence, 


Homg(V, U ®@ W) = Homg(V, U) 6 HomgG(V, W). 


| ® | 
| | 
Check for 
updates 


The group algebra is an important construction that assigns an algebra to a group. 
In this chapter we present two equivalent versions of the group algebra, and derive 
some results for later consumption. 


Remark* 6.1 For our purposes, an associative algebra is a vector space with the 
additional operation of associative multiplication of vectors. Two examples that you 
should be familiar with are P(x1,..., Xn), the algebra of polynomials in n variables 
or indeterminants, and Mat; ; (IF), the algebra of k x k matrices with entries from a 
field F, both with the usual operations. All algebras are assumed to be associative, 
and to contain a multiplicative identity unless explicitly stated otherwise. We could 
also define an algebra as a ring with the additional operation of scalar multiplication. 
Curious readers can look up the definition of a ring. 


6.1 Version One 


Given a field such as C and a finite group G, we can construct a C-vector space, 
called the group algebra and denoted C[G], by declaring that the elements of G are 
a basis, and then formally taking finite linear combinations over C. For example, 
3(1, 2) +7 (1, 3, 2)— $(1, 3) € C[S3]. We will write the group elements in boldface 
when we are considering them as vectors. We give C[G] an algebra structure by 
declaring that the group multiplication (which is associative) be distributive over 
vector addition, and we will denote vector multiplication by «x when needed for 
clarity. For example, in C[S3], 


[) + 3(1, 2, 3)] x [, 2) — , 3)] = CL, 2) + 21, 3) — 32, 3). 
Since C[G] is a vector space, we can define a representation of G on C[G], 


called the left regular representation and denoted L, by having an element 0 € G 
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act linearly on v = r} gy +---+/7n8n € C[G] (for gj € G andr; € C): 


L(o)v = L(o)(r1g4 +... +n) = 11(0 81) +... +n (O8n). 


To be thorough, we record that there is also a right regular representation, 
denoted R: 


R(o)v = Ro)(rigi +--+ rn8n) = ri(gio 1) +... + rn (Guo). 


Exercise 6.2 Practice some computations with the group algebra C[$3]. Verify that 
the left and right regular representations are, in fact, representations. 


Remark* 6.3 If a group G acts on a vector space V, then the G-action extends 
by linearity to an action of the group algebra C[G] on V. That is, if (0, V) is a 
representation of G on a vector space V, and ifa = paver: reg € C[G] for some 
scalars rg, then the action of C[G] on V is given by a.v = ee rgp(g)v. Thus 
the representations of C[G] correspond exactly to the representations of G and vice 
versa. Whether we wish to study the representations of the group or of its group 
algebra is largely a matter of taste or convenience. We obtain the sharpest results 
when we take the complex numbers C as the field of scalars since C is algebraically 
closed and of characteristic zero. 


Remark 6.4 Every irreducible representation of finite group G appears in the group 
algebra C[G]. Sketch of proof: If W is an irreducible representation of G and if 
¢: CLG] — W is a non-zero G-map, then C[G] = W @ Ker@. A more detailed 
proof requires the notion of quotient spaces, which we review in Sect. 9.2 (but may 
be known to some readers). See Exercise 9.8. 


Definition 6.5 If an algebra A acts on a vector space V, then we say that V has 
the structure of an A-module. If A acts on V on the left (right), we say V is a left 
(right) A-module. The term “module” arises in other mathematical contexts as we 
have noted previously. 


Example 6.6 The group algebra C[S,] is an example of a C[S, ]-bimodule, with the 
left and right actions given by the left and right regular representations (which are 
required to commute with each other). The space P of polynomials in n variables is 
a left CLS, ]-module. How could we define some sort of right action of S, on P to 
make P into a right C[S,, ]-module? 


Definition 6.7 Similar to the center of a group (Exercise 1.63), we can define the 
center of the group algebra, denoted ZC[G], as those elements in the group algebra 


that commute with all other elements in the group algebra; 


Z2C[G] := {a € C[G] | ab = ba forall b € C[G]}. 
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Exercise* 6.8 Determine ZC[S3]. Hint: It is sufficient to determine an arbitrary 
vector in C[S3] that commutes with the transpositions. Generalize this to determine 
ZC[S,] for an arbitrary n. 

Exercise 6.9 Given an algebra A, how would we define a sub-algebra of A? Show 
that ZC[G] is a sub-algebra of C[G]. Hint: Apply the definitions to show that 
ZC[G] is a vector sub-space of C[G] that is closed under vector multiplication. 


A useful feature of central elements is that they “act like G-maps.” 


Exercise 6.10 If z € ZC[G] is central, show that the map ¢,: C[G] — C[G] 
given by ¢,(v) = zu intertwines the left regular representation of G on C[G]. 


Remark 6.11 One early interpretation of an element in C[S,] was via an action 
on functions, (see [R]). For example, an element such as (1, 2) — F(1, 3) (called a 


substitutional expression) meant “apply this to a function F(x, y, z) by permuting 
the variables.” That is, 


2 2 
(1,2) - rian 3) applied to F(x, y, z) becomes F(y, x, z) — 3h y,x). 
Similarly, the identity 


1 1 
IE N= sl Gy +72) sls) — 70.2) 


is replace by the substitutional equation; 


1 1 
(i) = xl) ae (2) ) oe xl) — (, 2)]. 


6.2. Version Two 

There is another important incarnation of the group algebra for a finite group G; 
C[G] := fa: G > C}, 

the set of all complex-valued functions! on the group G. We have the usual 


operations of vector addition and scalar multiplication in function spaces (Sect. 1.6), 
but multiplication of vectors is given by the convolution product, denoted by *; 


' This notation coincides with that used in Example 3.32. 
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Definition 6.12 


[a * b|(x) := = a(xy—')b(y) for alla, b € C[G],x €G. 
yeG 


Why such a goofy multiplication? One reason is because this provides an explicit 
algebra isomorphism between these two versions of C[G]. 


Exercise* 6.13 Define 5,: G — C for each g € Gas 


1, ifx =g; 
0, otherwise. 


5e(x) := | 


Show that the set {5, | g € G} is a basis for C[G], and therefore the dimension of 
C[G] = |G. 


Exercise* 6.14 Show that 5, * 5, = 5gn. Consequently, the map g +> 5, (extended 
by linearity) is an algebra isomorphism between the two incarnations of C[G]. 


The left and right regular representations are then defined as L(g)a(x) = 
a(g!x), and R(g)a(x) = a(xg) respectively, fora € C[G] andx, g €G. 


Exercise* 6.15 Show that the the left and right regular representations of G on 
C[G] are equivalent via the G-map a +> G given by d(x) = a(x). 


Notation 6.16 We will use the notation C[G] for both incarnations of the group 
algebra when it is clear from the context or immaterial. 


How do we describe the center ZC[G] for this version of C[G]? By linearity, it 
is sufficient to consider the basis elements {6,}, and determine the properties of any 
a € C[G] so that a * 5g = 3 * a for all g € G. On one hand, 


[a * 5e](x) = Yo a(xy')Se(y) =a(xg') forall x eG 
yEeG 


since each term is zero unless g = y, and thus the only term that survives is a(xg7!). 
On the other hand, 


[5p xa](x) = ‘ 5e(xy|)a(y) = a(g7!x) forall x € G. 
yeG 


Consequently, a € ZC[G] exactly when a(xy) = a(yx) for all x, y € G. Such 
functions are called central functions. 


6.3 Hints and Additional Comments 81 


But wait, there’s more! If a(xy) = a(yx), then we can set g = xy, and the 
relation a(xy) = a(yx) becomes a(g) = a(ygy—!). Hence central functions are 
also constant on conjugacy classes. 


Definition 6.17 The set of functions from G to C that are constant on conjugacy 
classes of G are called class functions, denoted Ceigss[G]. 


Conversely, suppose that a € C[G] is a class function. Then 
a(gh) = a(h(gh)h—') = a(hg), and hence a is a central function. 
Compare this result with the results from Exercise 6.8. 


Exercise 6.18 Show that C.jgss[G] is a sub-algebra of C[G]. That is, show that 
Ceiass[G] is a vector sub-space of C[G] that is closed under vector multiplication. 
Do the same for ZC[G]. 


We have proven the following Proposition. 


Proposition 6.19 Let G be a finite group, and let C[G] be the group algebra with 
the convolution product. Let ZC[G] be the center of C[G], and let Ceigss[G] be the 
sub-algebra of class functions on G. Then ZC[G] = Cetass5[G]. 


Remark 6.20 With some extra work, version two of the group algebra makes sense 
when |G| = oo. Again we define R[G] or C[G] as the vector space of all R-valued 
or C-valued functions on G, but the convolution product defined as a sum only 
makes sense if the functions on G are finitely supported, that is, a(x) = 0 for all but 
finitely many x € G. 

For some groups we can define the convolution product by 


(fi * fo(x) = [ fig!) fog) dg. 


That is, the finite sum in Definition 6.12 is replaced by integration over the group, so 
there has to be some machinery in place for such integration to make sense. There 
also have to be some conditions on everything involved so that the integral exists, is 
convergent, etc. Such considerations are beyond the modest scope of this book. 
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Remark 6.1 There are also non-associative algebras. One of the more important 
examples is a Lie algebra g, which is a vector space with the product of vectors 
given by the Lie bracket, [-, -], that satisfies the following properties: 
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¢ Bilinearity: 
[ru+ sv, w] =r[u,w]+s[v,w], and [w,ru+sv] =r[w, u] + s[w, v], 


for all scalars r, s, and all u, v, w € g. 
¢ The Jacobi identity: 


[u, [v, w]] + [w, [u, v]] + Lv, [w, uj] = 0, for all u,v, we g. 
e Alternativity: 
[u,uJ=90  forallueg. 


Any associative algebra A, such as Mat; ,(IR), can be given a Lie algebra 
structure by defining the bracket product to be the commutator product, defined 
by 


[u,v] :=uv—vu forall uve A. 


You should check that this satisfies the above properties of a Lie algebra. Of course, 
if the associative algebra is commutative, then the commutator product is identically 
zero. 

Lie algebras (and the related Lie groups) are named after Sophus Lie, a 
Norwegian mathematician. Therefore, the correct pronunciation of Lie sounds like 
“Lee.” A Lie algebra that you should already be familiar with is the vector space 
R?, with the Lie bracket given by [u, v] = u x v, the vector cross product. 


Remark 6.3 A representation of an algebra A on a vector space V is an algebra 
homomorphism from A to the algebra End(V), the algebra of endomorphisms on 
V, which can be realized (after choosing an ordered basis for V) as the algebra of 
k x k matrices, where k = Dim(V). 


Exercise 6.8 Let 
zZ=r1(1) +201, 2) +7301, 3) + 14(2, 3) +75(1, 2, 3) + r6(1, 3, 2) 
be an arbitrary vector in ZC[S3]. Then (1, 2)z = z(1, 2) implies that r3 = r4 and 
r5 = ro. Similar computations with the other transpositions (which generate $3) 
gives r2 = r3 = ra andrs = r6. That is, the coefficients are constant for each 
cycle type, which is the same as saying that the coefficients are constant on each 
conjugacy class. It follows that ZC[$3] has 
{(1), (1,2) + 0, 3) + @, 3), (1, 2,3) + CL, 3, 2)} 


as a basis, and thus has dimension 3, the number of conjugacy classes in $3. 
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More generally, if z = >> 
each h € G, we have 


geo hsB € ZC[G] for some scalars rg € C, and for 


z=hth-'=h| So reg | ho! = Yo rehgh™! = > rpg 


gEG gEG gEG 


Since {g}ecq is a basis for C[G], we can equate coefficients to obtain rg = Th-1gh 
for all g € G and any fA ¢€ G. In other words, the coefficients are constant on 
the conjugacy classes, and thus the dimension of ZC[G] is equal to the number of 
conjugacy classes in G. It is routine to check that the converse is also true; if the 
coefficients of a vector a € C[G] are constant on the conjugacy classes, then a is 
central. 


Exercise 6.13 Let f € C[G]. Then f(x) = Domes F (%)5¢,(x), so the set {5p | 
gi € G} spans C[G]. It is routine to check that this set is also linearly independent, 
since if 


Y> ag;5¢;(x) = 0 forall x € G, 
giEcG 


set x = gj to obtain ag, = 0 foreach gj € G. 


Exercise 6.14 For every g, h, and x in G we have 


(5g * Sa(x) = Yo de(xy7bn(y). 


yeG 


The only term that survives, and in which case it is equal to 1, is when y = h and 
g=xy | =xh!, so that x = gh. But this is the definition of 5¢;,(x). 

An algebra homomorphism is a linear map between vector spaces that also 
preserves the operation of vector multiplication. It is an algebra isomorphism if 
it is also a bijection. 


Exercise 6.15 It helps to first clarify the problem. Let 6: C[G] — C[G] be given 
by o(a) = G, where &(x) = a(x!) for a € C[G] and x € G. Then for any g € G, 


[$(a)](g~'x) 
= a(g7'x) 
a(x~!g) 

= [R(g)a](x~!) 
= [R(g)a](x) 

= [R(g)o(a)|(x). 


[L(g)b(a)](~) 


Thus ¢ intertwines the left and right regular representations of G on C[G]. 


® | 
| Check for | 


updates 


In the next two chapters we determine, label, and construct all of the distinct 
irreducible representations of S,. In this chapter we define a special kind of 
function on the group, called the character of a representation, and then show that 
two representations are equivalent exactly when their characters are equal. The 
characters of the irreducible representations are in one-to-one correspondence with 
the conjugacy classes in S,, which in turn are in one-to-one correspondence with the 
partitions of n, so we can use partitions of n to label the irreducible representations 
of S,. Group characters are a useful tool in the study of group representations, and 
any book on representation theory should include their exposition, but they are not 
essential to the more “constructive” approach that is our focus. In the next chapter 
we will actually construct these irreducible representations in the group algebra 
C[S,], and use these representations to obtain irreducible representations in other 
vector spaces. 

The discussion in this chapter is adapted from a variety of sources. See [FH] 
Lecture 2, [St] Chapter 2 and [Si] Chapter III. The proofs and other details in this 
chapter are necessarily more technical than those previously encountered. Readers 
new to the subject may wish to focus on the results, and digest the details of the 
proofs later. Observant readers will note that most of these results apply to any finite 


group. 


7.1 Characters and Class Functions 


Characters were introduced by G. Frobenius in the 1890s, and were studied before 
their connection to representation theory was fully understood (see [C]). Characters 
are a powerful tool for the study of groups and group representations since it is often 
easier to determine the character of a representation than to find an actual realization 
on a vector space. Much of the literature of representation theory, especially for 
finite groups, is concerned with characters. 
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Let A be a square matrix, and recall tr(A), the trace of A, which is the sum of 
the diagonal entries of A. Equivalently, if V is a vector space and T : V — V is 
linear, then tr(T) is the sum of the diagonal entries in the matrix realization of T. 
It is worthwhile to recall a few of the properties of the trace for k x k matrices A 
and B: 


(1) tr(A + B) = tr(A) + tr(B). 
(2) tr(AB) = tr(BA). 
(2') If A is invertible, such as a change-of-basis matrix, then 


tr[A(BA7!)] = tr[(BA7!)A] = tr(B). 


Hence the trace of a linear operator is well defined, that is, independent of its matrix 
realization. 


Remark 7.1 When a square matrix A is diagonalizable, or when we are working in a 
complex vector space (our default situation), then tr(A) is the sum of the eigenvalues 
of A, or equivalently, the sum of the eigenvalues of a linear operator with A as a 
matrix realization. This follows from that property that the characteristic equation, 
det(xJ — A) = 0, has n solutions {a@;} (counting multiplicities) in C. In this case 
there is an invertible matrix P (a change of basis matrix) such that PAP'= J, 
where J is in Jordan normal form: 


a, 1 O 0) 

0) a2 1 0 

0 0 a3 0 
J= . 

: O°. : 

Onis 0 ay,-1 1 

0 ais 0 ay 


A detailed exposition can be found in most any serious linear algebra text, for 
example [L2]. 
Exercise* 7.2 Show that if V is a finite-dimensional vector space with subspace U, 
and if Py is the projection onto U, then tr(Py) = Dim U. 

Let ¢: V > V® be the projection from Exercise 2.28. Conclude that tr(¢) = 
Dim V°. 


Definition 7.3 Let (0, V) be a finite-dimensional representation of a group G. 
Define the character of V, xv: G > C, given by 


xv (g) := trle(g)] = tr(g). 


Characters of irreducible representations are called irreducible characters. 
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Proposition 7.4 Several important properties of characters follow immediately 
from the properties of the trace: 


(1) If V is a representation of G, and if V = Vi ® V2 ®--- ® Vg, where each V; is 
a G-invariant subspace of V, then xy = Xv, + Xv. ++: +XV%- 

(2) Characters are constant on conjugacy classes; xy (hgh!) = xy (g), and hence 
characters are class functions. 


Recall from Definition 6.17 that the set of all functions from a group G to the 
field C that are constant on the conjugacy classes of G is called the space of class 
functions on G, denoted Ceigss;[G]. By Proposition 6.19, the space of class functions 
is equal to ZC[G], the center of C[G]. 


Exercise* 7.5 Let [g] denote the conjugacy class of g in a finite group G. Define 
d[g}: G > C by 


1, ifh € [g]; 
bre](h) := 
[gl(”) i otherwise. 
Show that the set {d,¢] | g € G} is a basis for Cciass[G] regarded as a C-vector 
space, and consequently the dimension of Cjgss[G] is equal to the number of 
conjugacy classes in G. Compare this result with the results of Exercise 6.8 and 
Proposition 6.19. 


Exercise 7.6 Choose one element from each conjugacy class of $3, and write 
out the explicit matrix realizations for the action of $3 on, say P\(x, y, Z), or 
equivalently, on the permutation representation from Exercise 1.22. Determine the 
character of each such element. Generalize this result to show that, for a permutation 
representation V of S,, the character yy(o) is the number of basis vectors fixed 
byo. 


Exercise 7.7 Show that if V is a representation of a group G with identity element 
e, then xy(e) = Dim V. 


Exercise 7.8 Let (0, V) be a representation of G, and let (o*, V*) be the contra- 
gradient representation from Sect. 3.4. Show that xy+(g) = xv(g7!). 


Proposition 7.9 If (po, V) and (x, W) are equivalent representations of a group G, 
then xv(g) = xw(g) forall g € G. 
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Proof If (0, V) and (2, W) are equivalent, then there is an invertible G-map 
@: V — W such that ¢[o(g)v] = 2(g)(v) for all v € V and all g € G. Then, as 
linear maps, 


bp(g) = 7(8)6 > p(g)=o ‘(8 
=> trlo(g)] = trio ~'x(g)¢] = trir(g)] 
=> xv(g) = xw(g). 


oO 


Proposition 7.10 The converse of Proposition 7.9 is also true; if two representa- 
tions of a group have the same character, then they are equivalent. 


Proof This follows from the fact that the irreducible characters are a basis for the 
vector space Cjass[G], which is proven in Proposition 7.18 below. Consequently, 
suppose that V and W are two representation of G, and let x; be the irreducible 
character for each distinct irreducible representation V;. Then if 


Xv =Xw =X +--+ +reXe, it follow that V=rjV, @---OreVe = W 


since the scalars r; are uniquely determined. Oo 


7.2. Characters of $3 


Towards our goal of generating examples, we can now work out the characters for 
the irreducible representations of 53 which we place in a character table. The top 
row is a representative from each conjugacy class, and the number in brackets is 
the number of permutations in each conjugacy class. Determining the characters 
for the one-dimensional trivial and alternating representations is easy since their 
eigenvalues are obvious. To determine the character of the irreducible representation 
W, we use the character table for P; = ZT @ W, Exercise 7.6, and property (1) in 
Proposition 7.4, subtracting the character for Z from that of P; 


Permutation ~ P| 3 1 0 
z 1 1 1 
Ww 2 0 —1 
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The table for the irreducible characters of $3. It is not a coincidence that this table 
is square. 


(1) 3) 2) 


S3 (1) C, 2) C1, 2, 3) 
Trivial Z 1 1 1 
Alternating A] 1 —-1 1 
StandardW | 2 0O -1 


Exercise 7.11 Choose a basis for the representation W3 of 53 in P1(x, y, z), and 
determine the matrix realization of one element from each conjugacy class of $3. 
Verify the values of xy(g) in the above table. It is instructive to repeat this using a 
different basis for W. 


Exercise* 7.12 Compute the character for the representation of $3 on P(2,1,0) 
(x,y,z) = ZG 2W @ A, and verify that it satisfies the addition property for 
characters. 


Exercise* 7.13 Check that the irreducible characters of S3 are linearly independent. 
That is, if 


rxz(o) + sxw(o)+txa(o) =0 forscalarsr,s,t, and forallo € $3, 
thenr =s =t=0. 


Remark 7.14 It turns out that the characters for the representations of the symmetric 
group are always integer-valued. This is not true in general, even for an uncom- 
plicated finite group such as the alternating group A3. The proof requires sturdier 
algebraic tools than we can develop in this brief text. 


7.3. Orthogonality of Characters, Bases 


In this section we show that the irreducible characters are an orthonormal basis for 
Celass[G], the class functions on a group G. Along the way we derive some auxiliary 
results regarding matrix entries. 

Recall that if U and V are F-vector spaces of dimension k and n respectively, 
then, upon assigning bases to U and V, we can identify Hom(U, V) with Mat, ,(F), 
the space of n x k matrices with entries in F. If we let E;,; denote the elementary 
matrix with i, j-entry equal to one and with all other entries equal to zero, then 
the set {E;,; |i = 1...n,j = 1...k} is a basis for Mat, ;(F). By Exercise 3.6, 
Homgc(U, V), the set of G-maps from U to V, is a subspace of Hom(U, V). 
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Definition 7.15 As in Definition 1.87, given a representation z of a group G on an 
C-vector space V, with matrix realization 7 (g) for g € G, the entries 77;, ;(g) € C 
are called the matrix entries of the representation, and are functions in C[G], the 
group algebra of functions from G to C. Of course, the value of the entries in any 
matrix realization depend on the basis that is chosen for V. 


For example, for the representation z in Exercise 2.34, and for (2, 3) € $3, we have 


with %1,1(2, 3) = 4 and %1,2(2, 3) = 2. 
Such matrix entries have remarkable and useful properties. 


Proposition 7.16 Let (po, U) and (x, V) be inequivalent irreducible unitary repre- 
sentations of a finite group G on finite-dimensional complex vector spaces. Then the 
matrix entries for the representations x and p of G are orthogonal with respect to 
the inner product on C[G] (Sect. 3.3) given by 


1 —— 
(a, B) = — }\a(g)B(g), o, B € CIGI. 


IG] ae 
More explicitly: 


(1) (Hi,j, Pek) =O for alli, j,k, € whenever p ¥ 1. 
Moreover, 
1/(degreem) ifi =k andj = @; 
(2) (Hi,j, Wke) = 
0 otherwise. 


Proof The proof utilizes the “averaging over G” trick, and requires complex scalars. 


(1) Let S: U — V be any linear map, and define S: U — V by averaging S 
over G; 


1 
S := — )° x(g)Sp(g7'). 
|G| 
gEG 
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(2) The map S intertwines (9, U) and (, V) since for any h € G: 


(h)S 


ll 

q 
ie 

> 
— 


— ) ° x(g)Sp(g7') 


1 
— )° x(h)x(g)Sp(g~') 


G 
gEG 


_ 


= — )o a(hg)Sp(g7') 


G 
gEG 


1 
ay S > r(x) Sp(x'h) 


xeG 


1 
= DL T)Soe oh) 


G 
xEeG 


1 
- E aesoe") p(h) 


xeEG 
=Sp(h). 


(setting hg = x) 


Here we have used the fact that summing over all g € G is the same as summing 
over x = hg for a fixed h and all g € G. 
(3) Since (p, U) and (zr, V) are both irreducible complex representations, we can 
apply the strong version of Schur’s Lemma 3.16 to obtain: 
(a) The map S is identically zero since the representations (9, U) and (z, V) 
are inequivalent. 
(b) If o =z and U = V (with dimension d), then the map S is a scalar multiple 
c of the identity map I. Note that Complex scalars are required here. 
(4) For case (b), we have 


1 
tS = tr Tal > m(g)Sm(g7!) 
IGl nce 


eye [z(e)Sz(g")| 


92 7 The Irreducible Representations of S,,: Characters 
Thus, 
1 
trS = trcl = cd =trS, so the constant c = F tr S. 


(5) Choose bases for U and V. Using our usual notation, we let S denote the matrix 
realization of the linear map S with entries S;_¢, and similarly for the other linear 
maps involved. We translate the definition of the map S into the language of 
matrix multiplication, and obtain an identity for the matrix entries; 


~ 1 ~ ~~ —~ 
a IG| ps» S28); jS).kP(E Dae. 
geEG j,k 


(6) We record the following observation here in order to streamline the ensuing 
arguments. If Fj, is a standard basis matrix, and if A and B are matrices with 
the appropriate dimensions, then 


(AE je B)i¢c = Aij Bre. 
Indeed, from linear algebra we know that 


(AE jKB)ic = > Air (E jk) rt Bre, 


r,t 


but (Zjx)r1 = O unless r = j and t = k, in which case (E jx) jx = 1. In case 
there is any confusion, the expression (£;,),; means the r, t-entry in the basis 
matrix E jx. 


Exercise 7.17 Work through some simple examples that illustrates this result. 


(7) When we let S be a linear map whose matrix realization is a basis matrix E jx, 
the previous observation yields 


~ pager 1 ~ ie ae 
D [F@Ene oY), = GL iP Mee 
geG : geG 


(8) We can always choose bases for U and V that are orthonormal with respect to 
a G-invariant inner product, in which case the representations 2 and p can be 
realized by unitary matrices (Exercise 3.43 and Remark 3.44). Since A~! = a’ 
when A is unitary, we have the following identity for all 7, j,k, € when p and x 


are inequivalent: 


1 ak ee aes 
0= (Ejx)ie = iG ) (2), j P(8)e,k = (i,j, Pl,k)- 
geG 
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Thus, the matrix entries for inequivalent irreducible unitary representations are 
orthogonal. 

(9) We apply the same reasoning when p = z and U = V. In this case S = cl for 
some constant c, and from part (4) we have 


tr(E jx) 
d 


trEjx = I. 


Since tr E jx = Oif j # k, our previous computations show that 
(Ejx)ie = (7i,j, Tex) = O when j #k. 
Since (Ejx)ie = (cDi,e = 0 if i 4 ¢, we have 
(Ejx)ie = (i,j, Tek) = O wheni # €. 
And finally, if 7 = k andi = @ we have 


tr Ej; 1 ‘ : 
= — = — when j =kandi=f. 
d d 


(Ejj)ii = (Wij, 7,7) = 
Summarizing: 


(1) (i,j, Pek) = 0 for alli, j,k, € whenever p F zz. 
I/d ifi=kand j =2; 

(2) (i,j. Tk.) = 
0 otherwise. 


We now have the tools to prove our main objective. 


Proposition 7.18 The irreducible characters of a finite group G are an orthonor- 
mal basis for Ceiass[G], the space of class functions on G. 


Proof We will prove this proposition in two steps. First we will show that the 
irreducible characters are orthonormal, then pause for some useful applications, and 
finally show that they span the space of class functions. 

Let (o, U) and (z, V) be irreducible finite dimensional representations of a finite 
group G. 
Step 1: The irreducible characters are orthonormal since, for (0, U) ¥ (2, V), we 
have; 


(xu. Xv) = (pi ++ +++ Pad, Hi ++ ++ + Tee) 
= (P11. U1) + (P11, 22) +++ + (Daas Tex) 


94 7 The Irreducible Representations of S,,: Characters 


and 


(xu, Xu) = (O11 +++++ Pad, Pi +++ + faa) 
= (P11, P11) + (P11, P22) +++ + (aa, Paa) 
= 1/d+0+---4+1/d 
= 1. 
Note that, since the trace of a matrix is basis-independent, the representations need 
not be unitary. 


It is a standard fact from linear algebra that any orthogonal subset of a vector 
space is linearly independent. Therefore, 


the number of inequivalent irreps = the number of irreducible characters 
< Dim Cetass[G] 
= the number of conjugacy classes. 


Exercise* 7.19 Let’s work through some interesting results that follow from the 
orthogonality relations of irreducible characters. 


(1) If V is any representation of a finite group G, and if W is an irreducible 
representation of G, show that 


(xv, Xw) = the multiplicity of W in V. 


(2) If {V;} are irreducible representations of G, and if V = cj Vi ®- -- cx Ve, show 
that 


(Xv. Xv) Sept He. 
(3) Show that the representation V is irreducible if and only if (xv, xv) = 1. 
(4) Let xz be the character of the left regular representation of G on C[G]. Show 


that 


IG|, ifg =e; 
XL(8) = ; 
0, ifg Ze. 


(5) Show that every irreducible representation V; of G appears in the left regular 
representation L on C[G], with multiplicity equal to its dimension. 
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(6) Show that the set {1/./dx a j spans C[G], and so is an orthonormal basis for 


C[G], where each s* is an irreducible unitary representation of degree dx. 


Step 2: It remains to show that the dimension of Cgigss[G] = ZC[G] is less 
than or equal to the number of distinct irreducible characters of G, and so the 
irreducible characters span Ceigss[G]. Toward that end, suppose that there are k 
mutually inequivalent irreducible representations of G, and consider the left regular 
representation L of G on the “first version” (Chapter 6) of the group algebra C[G].! 
By Maschke’s theorem (Theorem 3.25) and part (5) above, C[G] decomposes as a 
direct sum of isotypic components; 


C[G] =r1Wi ®--- OreWe, 


where for each i, r; W; is the direct sum of r; copies of the irreducible representation 
W;. What follows does not require that all of the 7; are non-zero, but by Remark 6.4 
we know that they are positive. 

Now if z € ZC[G] is central, then zL(g)v = L(g)zv for all g € G and all 
v € C[G]. That is, the map v + z.v intertwines the left regular representation L 
on C[G] (Exercise 6.10), so by Schur’s lemma there is a scalar c; € C such that 
Zr;Ww; = cir; w; for all w; € W; and for each 7. 

Since the identity element eg is in C[G], we can write 


€g =r1wi +---+rewe for some w; € W;. 
Thus 
Z=7eg = 2riwWi +--+ + reWe) = Cini W +++ + CKrK Wk, 
which shows that ZC[G] = Cciass[G] is spanned by at most k vectors, which is the 
number of irreducible representations of G. Combining this with the previous result 


gives: 


The number of inequivalent irreps of G < Dim Ceigs5[G] 
= the number of conjugacy classes 
< the number of inequivalent irreps of G. 


Therefore the irreducible characters span Ceigss[G]. oO 


' Since we have shown that both versions of the group algebra are equivalent, we can use either 
version as needed! 
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Remark 7.20 Another proof of Proposition 7.18 can be obtained by showing that 
any class function that is orthogonal to every irreducible character must be zero. 
Hence the irreducible characters are a maximal orthonormal subset of Ceigss[G], 
and so must be a basis. See [FH], Proposition 2.30. 


Exercise 7.21 Illustrate the results of Propositions 7.16 and 7.18 using the matrices 
that you obtained in Exercise 2.34. 


Exercise* 7.22 Work through the details in the above proof; that for each i there is 
a scalar c; € C such that zr; w; = c;r;w; for all w; € W;. 


Exercise 7.23 Let (0,U) and (a, V) be representations of G, suppose S € 
Hom(U, V), and let P(S) = S, where S is defined as in Proposition 7.16 part (1). 
Show that the map P is linear, and that if S is a G-map, then P(S) = S = S. 
Conclude that the map P: Hom(U, V) ~ Homg(U, V) is a projection. 


Remark 7.24 In the case where we have an irreducible unitary representation of 
SU(2, C) or SO(3, R), the matrix entries are called Wigner D-functions after the 
theoretical physicist Eugene P. Wigner, who was awarded the Nobel Prize in physics 
in 1963 for his discovery and application of symmetry principles to the study 
of elementary particles. The “D” stands for stands for Darstellung, which means 
“representation” in German. 


7.4 Another Look 


To be thorough, it is worthwhile to revisit some of the results of this chapter from 
a slightly different point of view. We start by establishing the dimension of the 
subspace Homg(V, W). 


Exercise* 7.25 Check that the action of G on Hom(V, W) given by [g.F] = 
gFg~! for F € Hom(V, W), is a representation of G, and that F is a G-map if 
and only if F is fixed by this G-action. In other words, show that Hom(V, wy? = 
Homg(V, W) (see Exercise 2.28). 


Exercise 7.26 Adapting the map from Exercise 2.28, define ¢ : Hom(V, W) > 
Homgc(V, W) by 


_ 1 
¢(F): ale = bere 


geEG 
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so that @ is a projection. Also note that this is the map from proof of Proposition 7.16 
(1). Conclude, using the results of Exercise 7.2, that 


1 


1 
DimHomg(V, W) =o =) wlgFe') =D XI), 
IG] = GI “= 


where x = XHom(V,W) a8 in Exercise 7.25. 


Our next task is to determine the character ¥ = XHomv,w).- First lets review the 
fact that if U is a vector space with basis {u1,..., Un}, andif F : U — U is linear, 
then the diagonal entry Fy. x in the matrix realization of F is the coefficient of uz in 
F(ux). 

Now suppose that {v,...V,} is a basis for V, {w1, ... Wm} is a basis for W, and 
set fj,i(Vk) := 5;,~.wi. That is, f;,; sends v; to w;, and sends all other basis vectors 
to 0, and hence { fj; |i =1...m, j =1...n} isa basis for Hom(V, W). 

With respect to these bases, the matrix realizations are: 


0 0 
0 0 = 

v; = | 1] < ith, Wj =]1 |< jth, and fi. = E;,;. 
0 0 


We use the notation V; and w; rather than e; and e; to remind us of their source. 
By the above “let’s review” remark, we seek to determine the coefficient of Fj, j 


in g.E;,; = gfjig—'. Since g.fj,; is a linear combination of the basis functions 
Jk.i, 0 terms of matrix realizations we have, 


GE 8) =a E11 +a 2B 12 +++ + aij Ej +--+ amnEmn- 


So we seek to determine the coefficient a;,;. But E;,; sends ¥; to w;, and all other 
basis vectors to 0, that is, 


a,j Ei,jVj = 4i,jWi> 
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so we want the coefficient of w; in g Ej, ; ely ;- Using some basic linear algebra; 


1 
SEF Vj =8 Ei, (cats) 


k 
= 8) 5 Fi Ww 
k 
= 83 Ww 
= 85 8.Wi 


= = 8) j j Lu i,k Wk. 
Therefor, the coefficient of W; is 8; gi, j-It follows that 


x(g) = Dams Dobbs Diu Taian “ 


Exercise* 7.27 Show that xw(g~!) = xw(g). Hint: W is a complex vector space 
(so we are guaranteed non-zero eigenvectors), and |G| is finite. 


To summarize, 


X(8) = XHomv,w) (8) = xv (8)xw(g)- 


It is therefore natural to define an inner product on characters by 


(xv, xw) => xv (g)xw (8) 
~ 1G| | vee 


as in Example 3.32, and the whole discussion yields 


(xv. Xw) = a Y= xv(g)xw(g) = tr = DimHomeg (V, W). 
geG 


It follows that if V is irreducible, then (yy, xw) is the multiplicity of V in W. 


7.5 Hints and Additional Comments 99 


7.5 Hints and Additional Comments 


Exercise 7.2 Let {v1,...,VK} a basis for U which we can extend to 
{V1,---, Vk,---» Vn} to obtain a basis for V. With respect to this basis, the matrix 
realization for Py consists of ones for the first k diagonal entries and zeroes 
elsewhere. Alternatively, each basis vector for U is an eigenvector for Py with 
eigenvalue one, all other basis vectors for V have eigenvalue zero. 

Furthermore, if U is a G-invariant subspace of V, then by Maschke’s theorem 
there is a complementary subspace W such that V = U @ W, and Py acts as the 
identity on U and is the zero-map on W. 


Exercise 7.5 Observe that if f: G — F is a class function, then f(h) = 
> f (A)5{g\(h), the sum being taken over each conjugacy class [g] in G. 


Exercise 7.12 The action of S3 permutes the distinct monomials that are a basis 
for P(2,1,0). The character of $3 acting on P2,1,0) is the number of basis monomials 
fixed by each element of 53. The identity fixes all six basis monomials, the other 
group elements fix none. 


Exercise 7.13 Take one representative from each conjugacy class, then solve the 
3 x 3 system: 
nixzr() + raxwW) +r3xAC) = 0 
rixz(1, 2) +raxwl, 2) +r3xAC, 2) = 0 
rixz(1, 2, 3) + raxw(l, 2, 3) + r3xAC., 2, 3) = 0 


to obtain ry = r2 = r3 = 0. 
Exercise 7.19 (1) If V contains an irreducible representation equivalent to W, then 
VScW cv. ®---OceVe and xy =cixw + C2Xvy +++ + KX; 


where each of the V; is inequivalent to W. Therefore, by orthonormality of 
characters; 


(xv, Xw) = (cixw + €2XVq +0 + CKXV» XW) 

= c1i(Xw, Xw) + €2(Xv_, XW) +++ + (XVHs XW) 
ci(xw, Xw) +0+---+0 

= the multiplicity of W in V. 


Item (2) is proven similarly. 
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To show (3), by part (2) we have, 
(xv. xv) Sef te +e =, 


so we must have some c; equal to | and all other constants equal to 0. 

(4) Choose the set {g} ecg as a basis for C[G]. Then, since gh 4 h unless g = e, 
the diagonal entries of the matrix realization of a group element g € G are all equal 
to one for g = e, and all equal to zero otherwise (Exercise 7.6). 


(5) 


The multiplicity of V; in L = (xz, xv;) 
= = Veco XL(8)xv;(8~') 


= axr)xv,(e) (since xz (g) = 0 for g # e) 
= wqlGlxv() (since xz (e) = |G) 
= Dim V; (since xy; (e) = Dim V;). 


As a further result, 
|G| = DimC[G] = Y “(Dim V;)?, 


where the sum is taken over all irreducible representations V; of G. 

(6) Since for each irreducible unitary representation V; there are (Dim Vx)" 
orthogonal matrix entries, part (5) implies that the set {1/./dx ak j spans C[G], 
and so is an orthonormal basis for C[G], where each z* is an irreducible unitary 
representation of degree dx. 


Exercise 7.22 We have that z is central in C[G], and 
CiG]=r1w ®--- OreWe, 


where for each i, r; W; is the W; isotypic component of C[G]. Since each copy W/ of 
W; is G-invariant, z.w; € W; for all w; € W/, and so z.rj Wj = riz.W;. Since each 
W; is irreducible, z.w; = c;w; for some scalar c; by the strong version of Schur’s 
lemma. 

A somewhat subtle point is that the SAME constant c; works for each equivalent 
copy of W;. That is, if W; = W/, so that z.w; = c;w;, and z.w, = c;w,, then cj = c’. 
Now since W; = W, there is a G-isomorphism ¢: W; — W;. Let w, = $(wi). 
Then 


cpW; = z.w, = z.6(wi) = o(z.wi) = o(ciwi) = cid (Wi) = ciW;. 


Thus cj = c’. 
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Exercise 7.25 Let F € Hom(V, W), let v € V, and let g,h € G. Then the 
definition says that 


[g.F](v) := g.[F(g7|.v)I. 


It’s worth emphasising that the notation [g. F’] on the left side of the “:=” means the 
action of G on Hom(V, W). On the right side of the “:=,” the notation g! .V means 
the action of G on V, while the notation g.[_] means the action of G on W. You 
might try rewriting this specifying the representations using p, 7, etc. 

To verify that this is a representation, first check that if F € Hom(V, W), then 


g.F € Hom(V, W) for all g € G. Now let g,h € G, and let v €¢ V. Then 
[h.[g- FI] (v) = h. [g-FIG7'y)] =h.[g.F(g~'h~'.v)] = hg.[F((gh)~!.v) = [hg.F](v). 
Now if F is a G-map, then 
gF(g—!v) = F(gg”!(v) = F(v) forall ve V, 


so F € Hom®(V, W). 
Conversely, if F € Hom® (V, W), then 


gF(g_'v) = F(v) forall v € V, 
so F(g~!v) = g~! F(v), and F is a G-map. 


Exercise 7.27 Since W is a complex vector space, the action of g € G has an 
eigenvector w with eigenvalue c € C. That is, g.w = cw. Since G is finite, g* = e 
for some positive integer k (Exercise 1.50), and therefore e.w = g«.w = cw =w, 
so ck = 1, |c|? = ct = 1, and hence c~! = €. Since x is the sum of the eigenvalues, 


the result follows. 


| ® | 
| | 
Check for 
updates 


In this chapter we explicitly construct the irreducible representations of S, in 
the group algebra C[S,]. For each partition of n we define an element in C[S,], 
called a Young symmetrizer, that generates an irreducible representation of S,, in 
C[S,]. Consequently, there is a one-to-one correspondence between the irreducible 
representations of S, and the integer partitions of n. Furthermore, given any 
representation V of S,, we can use these symmetrizers as projections to obtain 
irreducible representations in V. Part of the discussion here follows [FH], Lecture 4 
and [E], Section 5.12. 

Young symmetrizers, Young diagrams, etc. are named after Alfred Young, a 
British mathematician who wrote a long series of papers on the symmetric group 
while serving as a clergyman. A modern presentation of much of his work is given 
in [R]. 


8.1 Partitions Again: Young Tableaux 


We have seen, via character theory, how irreducible representations of S, correspond 
to the conjugacy classes of S,, which in turn correspond to partitions of n. For each 
A = (Aj, A2,..-, 4k) F n we associate the Young diagram of shape 4, which is k 
rows of boxes, left justified, with A; boxes in the first row, A2 boxes in the second 
row, etc. We will use a label such as A interchangeably to denote both the partition 
and the diagram. For example, 


fa) 1S 
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Boxes in a Young diagram are labeled like entries in a matrix; the above diagram 
has an X in the 3, 2 position. Young diagrams are sometimes referred to as Ferrers 
diagrams, and are sometimes depicted “upside down,” especially by Francophones. 

For any partition 4 we can obtain the conjugate partition \’ by interchanging the 
rows and columns of i. For example, if 7 = (4, 2, 2, 1), then 


VN = (4,3,1,) = 


A tableau is a Young diagram whose boxes are filled with entries taken from an 
alphabet (any totally ordered set). A Young tableau T is a Young diagram whose 
n boxes are filled with the numbers 1,..., without repetition. We will use the 
notation T” if we need to specify that T has shape . A standard Young tableau is a 
Young tableau where the entries in the rows are increasing left-to-right, and where 
the entries in the columns are increasing top-to-bottom. For example, the tableau 


is standard. 
The symmetric group acts on a Young tableau in the obvious way, by permuting 


the entries in the tableau. For example, 


Exercise 8.1 Show that S,, acts transitively on the set of all Young tableaux with 
the same shape. Consequently, if two tableaux T and T’ have the same shape, then 
T' =o.T forsomea € Sp. 


8.2. Orderings on Partitions 


There are different ways to order partitions of a fixed integer n. One common and 
useful way is the lexicographic, or “dictionary” ordering. 
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Definition 8.2 Let 7 = (Aj,...,An) and w = ({1,..., Un) be two integer 
partitions of n. Then A > y in the lexicographic order if the first non-zero Aj; — LA; 
is positive. Note that this is a total order on partitions; any partitions A, 2 F n obey 
exactly one of A > uw, A = pw, or w > A. For example, with n = 4 we have 

4) >@G3,) > @,2)>@,1,) > 0,1,1, 1). 


To be thorough, we also define the dominance order. 


Definition 8.3 Let 7 = (Aj,...,An) and wu = ({1,..., Un) be two integer 
partitions of n. Then A & y in the dominance order if 


Ay >Hi, Ap+A2 > Mite, ..., AP+AQ+...+An > Mit pbot...t+ Un. 
This is only a partial order on partitions. For example, forn = 6 we have (5, 1) & 
(4,2), but (4, 1, 1) and (3, 3) are not comparable. However, (4,1, 1) & (3,2, 1), 
and (3,3) & (3,2, 1). 


8.3. Young Symmetrizers 


Given a Young tableau T associated to a partition A | n, define two subgroups of 
Sy, as follows: the horizontal subgroup (sometimes called the row stabilizer), 


Hr := {h € Sy, | h setwise preserves each row of T}; 
and the vertical subgroup (sometimes called the column stabilizer)', 


Vr := {uv © S, | v setwise preserves each column of T}. 


then (1, 2, 4)(3, 5) € Az and (1, 3)(2, 5) € Vr. Elements in H7 and V7 are called, 
respectively, row permutations and column permutations. 


For example, if 


' The terms vertical or horizontal stabilizer would also make sense, but sound like parts of an 
aircraft. 
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We now construct elements in the group algebra C[S;,,]. For the subgroup Hr we 
form the row symmetrizer, 


Hr = a h, 
heHr 


and for the subgroup Vr we form the column anti-symmetrizer, 


Vr = > sgn(v)v. 


veVr 


We then construct the Young symmetrizer Er (sometimes called a Young 
projector) for the given tableau T, 


E7 :=Hrvr = = h > sgn(v)v = > > hsgn(v)v, 


heHr veVr heHr veVr 


which is likewise an element in the group algebra. We can think of Ey as 
symmetrizing along the rows of T and anti-symmetrizing down the columns. 


Example 8.4 For the tableau 


we have Hr = {(1), (1, 2)}, Vr = {(1), (1, 3)}, and 
Er =[(1) + (1, 2)] x [) — G, 3)] = CG) + , 2) — CL, 3) — (1, 3, 2). 


Notation 8.5 In some cases it will be more applicable to use the notation 
A, V2, E,, etc., when it is important to emphasize the partition 4 rather than 
the numbering of T*. 


Remark 8.6 Some authors [JK, Section 3.1] write Young symmetrizers “back- 
wards,” as Ej. := VrHr. It should be apparent that for this other version of a Young 
symmetrizer the following proofs carry through with the necessary adjustments. 
The definition we present here seems to be more common in the literature. See also 
Exercise 8.39. 


In these next few exercises we develop some properties of Hr, Vr, Hr, Vr, and 
Er for later application. 


Exercise 8.7 Write out some examples of standard Young tableaux T for different 
integer partitions of various n, and verify that Hr and Vr are subgroups of S,. 
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Exercise 8.8 Verify that Hr () Vr = {(1)}, and thus every element o in the set 
ArVr := {hu|he A7,v € Vr} 


has a unique representation as 0 = hv. Hint: See Exercise 2.15. Also check that 
Hr Vr need not be a subgroup of S,. 


Exercise 8.9 For any Young tableau 7, verify that the identity element of S,, 
appears in Ey with coefficient one. 


Exercise* 8.10 Let T and T’ be Young tableau with the same shape but with 
different numberings. Show that Hr and Hy are conjugate as subgroups of S), 
and similarly for the vertical subgroups. Hint: T’ = o.T for some o € Sy, so we 
need to show that 


* Hr =oHro!, and that 
°* Vor= oVra—!, 


Conclude that E,.7 = cEro7!. 


Exercise* 8.11 Generalize Exercise 8.10; show that if a group G acts on a set S, 
and if s and s’ are in the same G-orbit, then the stabilizer subgroups (Exercise 1.62) 
of s and s’ are conjugate. That is, Gy) = xG,x~! for some x € G. 


Exercise 8.12 Check that if h € H7, and if v € V7, then 


© hAHr =Hrh = Hr, and 
© vVr = Vrv = sgn(v) Vr. 


Hint: Use the fact that summing over all h € H is equivalent to summing over h’h, 
fora fixed h’ € H andallh € H. 


Definition 8.13 An element e in an algebra A such at e? = ¢ is said to be idempotent 
in A. An element ¢ such that e* = «e for some constant « is said to be essentially 
idempotent in A. For example, the numbers | and 0 are obviously idempotents in 
R. The matrix (3 =a) is an idempotent in the algebra of 2 x 2 matrices. A useful 
feature of idempotents is that they can be used as projections. 


Exercise* 8.14 Show that V7 = |Vr|Vr and that H}. = |Hr|Hr. Conclude that 
Vr and Hr are relative idempotents, and that wer and mtr are projections. 
Describe the spaces onto which they project. 
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Exercise* 8.15 By Remark 6.3, if V is a representation of S,, then the Young 
symmetrizers, as elements of C[S,], also act on V. For the tableau T given in 
Example 8.4: 


(1) Show that E+. = = KE; | for some constant «. Conclude that if Er = Er, then 
FE? = = Er,a a hence E;: V — V isa projection. 
(2) Consider E; : Pi > Pi. Let E; act on the basis monomials {x, y, z}. 


Conclude that the image of Ey in P| lies in the irreducible subspace W from 
Example 2.29. 


Exercise 8.16 Write out some standard Young tableaux for partitions of 3 and 4, 
and show that E. = xE7 for some constant x. 


The symmetrizers E; and Ey are, respectively, idempotent and essentially 
idempotent, and can be used as projections, as in Sect. 2.5. The following exercises 
work through some examples. 


Exercise* 8.17 Compute the Young symmetrizers for the standard Young tableaux 
corresponding to the two partitions A + 2. Have them act on the basis monomials in 
P(x, y). Interpret the results. 


Exercise* 8.18 Compute the Young symmetrizer for the standard Young tableau 


a [2 21, and have it act on the basis monomials in P(x, y, z). Interpret the 


results. 


Exercise* 8.19 Compute the Young symmetrizer for the standard Young tableau 


and have it act on the basis monomials in P(x, y, z). Interpret the results. Also 
have it act on P(2,1,0)(x, y, Zz) C P3(x, y, Zz) and interpret the results. 


Exercise* 8.20 More projections using symmetrizers. 


(1) Let Ey, be the Young symmetrizer for the standard Young tableau 
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Set vy} = Ey, (xy), and set v2 = (1,3).v1. Show that {v1, v2} spans an 
irreducible representation of $3 in P(2,1,0). 
(2) Let Ez, be the Young symmetrizer for the standard Young tableau 


nb 


Set w; = Ey, (xy), and set W2 = (1, 2).w;. Show that {w;, w2} spans an irre- 
ducible representation of $3 in P(2,1,0) that is independent from the irreducible 
representation spanned by{v1, v2}. That is, show that the set {v;, V2, W1, W2} is 
linearly independent. 

(3) Let Ey, and Ey, act on P| as in Exercise 8.15. Interpret the results. 


The above exercises illustrate the general case. Given a representation V of S,, 
for every 4 | n, and for each standard Young tableau T with shape A, we obtain 
a Young symmetrizer E;: V — V which is a projection. Given any vector v € 
V, the vector vr := Er.v generates an irreducible representation of S,,. That is, 
the set {o.vr | o € S,} spans an irreducible representation of S,,. If the space 
V is “large enough,” the Young symmetrizers corresponding to different standard 
Young tableau for the same partition A will project onto different copies of the same 
irreducible representation, as in Exercise 8.20. Section 8.5 provides more details. 


8.4 Construction of Irreducible Representations in C[S,,] 


We have seen some simple examples of irreducible representations of the symmetric 
group in the familiar landscape of polynomial spaces. A natural vector space on 
which S, acts is its own group algebra, C[S,], in which we will construct all of the 
irreducible representations of Sp. 


Definition 8.21 For a Young tableau T* = T, define 

V* := C[Sp]Er = {aEr | a € C[S,]}. 
Since any o € Sy, is also in C[S,], it should be clear that V* is an S,-invariant 
subspace of C[S,] under left multiplication. Some authors call V* the Specht 
module associated to the partition A, but the classical construction of Specht modules 
is on the space of “polytabloids” given in Chap. 11. 


The primary result of this chapter is articulated in the following theorem. 


Theorem 8.22 Let i+ n, and let T be a Young tableau with shape 2. Then V* := 
C[S,JEr is an irreducible representation of Sn under left multiplication. If  # 
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ut, then V* and V" are inequivalent representations of Sn, and every irreducible 
representation of Sp is equivalent to V* for some i. 


Remark* 8.23 The Frobenius character formula provides a way of computing the 
character of an irreducible representation of 5, with a given signature 2. See [Si], 
Section VI.5, or [FH], Formula 4.10. The formula realizes characters as coefficients 
of a generating function. 


Our goal will be to show that if A and yj are partitions of n, and if V* and V” are 
as in Definition 8.21, then the dimension of Homcys, | (V*, V“) is equal to 0 or 1. In 
the first case, the representations are inequivalent by Corollary 3.17. In the second 
case, the representations are equivalent and irreducible by Corollary 3.18. 

The proof requires that we first develop more tools. We start with an exercise that 
illustrates the proposition that follows. 


Exercise* 8.24 For the tableau T in Example 8.4, compute HroVr for the 
following values of o € $3. 


(1) o = (1, 3, 2). Note that (1, 3, 2) = (1, 2), 3) € ArVr. 

(2) o = (2,3). Note that (2,3) ¢ HrVr. 

(3) o = (1, 2, 3). Note that (1, 2,3) = (1,3), 2) ¢ ArVr. 

(4) Try some similar computations with tableaux for partitions of 4. 

Proposition 8.25 Let T be a standard Young tableau. If a € C[S,], then 
Hravy = l(a)Hrvr = €(a)Er, where £: C[S,] > C is linear. 


Proof It is sufficient to show this for any a = o € S,, and then extend by linearity. 
There are two cases to consider: 


(1) Ifo € HrVr, then by Exercise 8.8 o has a unique representation as 0 = hv for 
h € Hr andv € Vr. Consequently, 


HroVr =Hrhvvr =sgn(vHrVr = +Ey (by Exercise 8.12). 


(2) Let T be a standard Young tableau, let o € S,, and set T’ = oT. If T and 
T’ have a pair i, j € {1,...,n} with both i and 7 in the same row of T, and 
with both i and j in the same column of T’, then the transposition t = (i, j) € 
Hr (\ Vr’. But, by Exercise 8.10, ¢ € Vr’ is equivalent to saying that ao 'to€ 


8.4 Construction of Irreducible Representations in C[S,,] 111 


Vr. Therefore, 


HroVr =HrtoVvr (since t € Hr and Exercise 8.12) 
= Hro(o—!to)Vr (insert co —! and regroup) 
= —-HroVr (since o~!to € Vr and 


sgn(a—!to) = sgn(t) = —1). 
Hence H7o Vr must be equal to zero. 
(3) There is no third case; we claim that if there is no such pair i, j as in case (2), 
then o € Ay V7 and we are back to case (1). 


It is useful here to work through a simple exercise. 


Exercise* 8.26 Consider the two tableaux 


= 4,5), 3)@,5)(4, 7).T , 


and observe that there is no pair i, 7 € {1,..., 7} with bothi and j in the same row 
of T, and also with both i and j in the same column of T’. 


(1) Find a permutation v; € V7 so that T and vy, J" have the same entries in the 
first row (but possibly in a different order). 

(2) Now find a permutation hj € Hy so that h,.T and v2" have identical first 
rows. 

(3) Confirm that the tableaux T and h,.T have the same horizontal subgroups, and 
that the tableaux T’ and v;.T’ have the same vertical subgroups. Conclude that 
we still have the condition that there is no pair i, 7 with both i and j in the same 
row of h;.T, and with both i and j also in the same column of v}.7". 

(4) Repeat the above steps on the second row of h,.T and v} .T’. That is, find hz € 
Hr and v, € Vr so that h2h;.T and v5v}.T’ have identical first and second 
rows. Observe that there is no need to consider the third rows. 

(5) We now have 


hyh,.T = v5v;.T', or equivalently o.T = (v5v,)~'h2hy.T = T'. 
Finally, check that o = (v,v,)~!h2hi € HrVr. 


Continuing with our proof, we generalize the above example; given any standard 
Young tableau T and any o € S,, set T’ = oT. Then—provided that T and T’ DO 
NOT have a pair i, j € {1,...,} with both i and j in the same row of T and both 
i and j in the same column of T’—we can find permutations h € Hr and v’ € Vy’ 
so that hT = v'T’, or equivalently (v')~'!hT = T' = o.T. 
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We now show that o = (v’)~'h € HyVr. Multiplying by the “identity in 
disguise” hh—! on the left and regrouping yields 


(th = (ah)! = fh’) AY. 
Thus it remains to establish that [2—!(v')~'h] € Vr. 


Note first that, since T = o!.T’, we have Vr = Vo-L7r = a! Vro by 
Exercise 8.10. Therefore 


h(v')“'h = ho“! f[o'(v')— Jv’)! hh (insert v’(v’)~!) 
= [h!v'](v')“'[@’)'h] (regroup) 
=o !(v’)“!o (since o = (v')~'h) 
€ Vr. (since (v’)~! € Vrr) 


For future reference, we record two related results. 


Proposition 8.27 Let T and T' be Young tableaux with the same shape. Then either 

there are two distinct positive integers that occur in the same row of T and in the 

same column of T’, or there is some h € Hy and some v' € Vr such thathT = 
Ir 

uT’. 


Proof The proof is contained in the proof of Proposition 8.25. oO 
This next exercise illustrates the proposition that follows. 


Exercise 8.28 Choose two Young tableaux T and T’ with shapes A and pu respec- 
tively, and with A > wy in the lexicographic order. Find a pair of integers 7, j that 
appear in the same row of T, and that also appear in the same column of T’. 


Proposition 8.29 Let X = (Aj,A2,...,A4n) and w = (M1, [2,.--, Un) be 
partitions of n (possibly with trailing zeros), and suppose that T* and T“ are 
standard Young tableau with shapes X and js respectively. Let Hy. be the row 
symmetrizer for T*, and let Vru be the column anti-symmetrizer for T". If i > 
in the lexicographic order, then H7.C[Sp]Vre = 0. 


Proof Again, by linearity it is sufficient to show that for each o € S, we have 
HrioVrn = 0. Set T = T*, and set T’ = oT“. We will show that there MUST be 
a pair of integers 7, 7 that appear in the same row of T and that also appear in the 
same column of T’. Consequently, there is a transposition t = (i, 7) € Hypa such 
that o~!to € Vrn, and the result follows as in the proof of Proposition 8.25 (2). 

If A1 > 4, then the distinct entries in the first row of T can’t lie in distinct 
columns of 7’ since they must be distributed among fewer available columns. Thus 
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two of the entries from the first row of T must lie in the same column of T’ (by the 
pigeonhole principle) and we are done. 

If A; = 41, then either there is a pair of entries in the same row of T and the 
same column of T’, in which case Hp10 Vy» = 0, or we can find a row permutation 
h, € Hr and acolumn permutation v} € Vz’ such that h,7 and v7’ have the same 
first row. So now we consider the second row of h,T and v7’, and play the same 
game. 

We continue in this manner until we reach the case where Ax > wx for some k, 
which is guaranteed because A > y in the lexicographic order, and in which case 
there must be a pair of integers i, 7 that appear in the same row of T and that also 
appear in the same column of T’. oO 


The next proposition generalizes Exercises 8.15 and 8.16. 


Proposition 8.30 Let T be a Young tableau with shape x. Let Er be the ks 
symmetrizer corresponding to T, let V* be as in Defennon 8.21, and letd = 
dim V*. Then EP = kEr7, where kx = ue . It follows that Er= = 1Er is an idempotent 
in C[S,]. 


Proof First note that V* := C[S,JEr = C[S, JEr since the two symmetrizers 
differ only by a scalar. Now, since E. = [Hrvrl[Hrvr] = HrlVrHrlVr, the 
fact that E}. = KE? for some x € C follows from Proposition 8.25. 

It remains to determine the value of «. For a € C[S,], let R(Er): C[S;] > 
C[S,] be the linear map given by R(Er)(a) := aEr7, that is, the “right- 
multiplication by Er” map. We will determine the value of « by computing the 
trace of R(E7) using two different bases for C[S,]. 

For the first computation, we take the canonical basis {o},<s,. By Exercise 8.9, 


E, =()+ > {other terms not involving the identity}. 


By Exercise 7.7, the identity term contributes Dim C[S,] = |S;,| = n! to the value 
of tr R(E,;). All of the other non-identity terms in Ey contribute zero since none of 
the basis vectors in C[S,] are fixed by any o # (1). Thus, by the properties of the 
trace, we have tr R(Er) = |S,| = n!. 

For the second computation, let {v,,... vg} be a basis for V*, which we extend 
to a basis {V],...Vg, Wd+1,--->, Wy!} for C[S,]. If vj, i = 1,...,d is a basis vector 
for V*, then, by the definition of V*, we have that v; = a;Er for some a; € C[S,]. 
Therefore, 


R(E7)vV; = vjEr = (ajE7)Er = ajEj. = ajKEr = KajEr = KYV;. 


In other words, each basis vector v; in V* is an eigenvector for R(E7) with 
eigenvalue k. 
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For the other basis vectors w;, j = d+ 1,...,n!, the definition of yr yields 


R(Er)w; = wjEr € V*, 


and so R(E7)w; is a linear combination of {v1, ... vq}. That is, the coefficient of 
w; in R(Er)w; is zero for j = d+ 1,...,n!, and so the jth diagonal entry in the 
matrix realization of R(E7) is zero for j = d+1,...,n!. With respect to this basis, 


the matrix realization of R(E7) looks like this; 


x0... O 


0 ee 0 


So for this case, we have tr R(E7) = dx. Consequently tr R(E7) = n! = dk, and 


! 
sox = 4. oO 


It is more efficient to prove the next result in full generality, then apply it to our 
situation. 


Proposition 8.31 Let ¢ be an idempotent in an algebra A, and set Ae := {ae|a € 
A}. If M is a left A-module, then Hom,(Ae, M) = eM as vector spaces. 


Proof Define w: eM — Homya(Ae, M) by 
w(em) := fem € Homa(Ae, M), where fem(x) := xem, x € Ae. 
Define g: Hom,(Ae, M) > eM by 
o(f) = fe). 
Then w and ¢ are linear maps, with yo g = Idyom,(Ae,M) and go w = Idey. 
Therefore y and ¢ are vector space isomorphisms. Here Jdy denotes the identity 
map on a vector space V. Oo 


Exercise* 8.32 Fill in the details in the proof of Proposition 8.31. 


Remark 8.33 Homa(Ae,M) = eM may not be equivalent as left A-modules 
because eM need not be a left A-module. See Exercise 8.35 below. 
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Proof of Theorem 8.22 In order to apply Proposition 8.31, we can assume that A > 
i in the lexicographic order, and set 


A=C[S,], ¢=E,, and M =C[S,]E,. 
Then Proposition 8.31 translates as 
Homs, (V*, V“) = Homers, (C[Sn JE, CLS, JE.) = E,C{Sp1E,. 


If A yp, then by Proposition 8.29, 


2 es 
Homs, (V*, V“) = E,C[Sy]E, = ——H, | ViC1SnT Ayu | Yu a 


Ki Kw 


so by Corollary 3.17, the representations V* and V“ are inequivalent. 
If A = pw, applying the definitions and Proposition 8.30 yields 


~ ~ 1 
Homs,(V*, V*) = BCLS IB, = GH, | ViCLSu17 [Mr- 
Xr 


Now for each a € Vy C[S, JH, C CLS], Proposition 8.25 yields 
Hav, = €(a)E,, where €: C[S,] > C is linear. 


Thus E,C[S, JE, is spanned by FE, and so is one-dimensional, provided we can 
show that the map @ is not identically zero on V,C[S, JH. 

Since the identity permutation (1) € C[S,], we have Vi()H, € VAC[S,JHa, 
and 


Ha [vcr] V, = EX = «E, £0 by Proposition 8.30. 


It follows that V* is an irreducible representation of S, by Corollary 3.18. Since 
every irreducible representation of S, appears in C[S,,] (Remark 6.4), the collection 
{V* | A + n} must be all of the irreducible representations of S,,, labeled by the 
partitions of n. 

Note also that the number of integer partitions of n is equal to the number of 
conjugacy classes of S,,, and the results of Chap. 7 confirm that the collection {V* | 
A. — n} must be all of the irreducible representations of Sj. Oo 


Remark 8.34 Another proof that the collection {V* | 4 - n} is a complete set of 
pair-wise inequivalent representations of S, goes something like this: A projection 
p € C[G] is a minimal projection if 0 4 p = gq +r can only hold for projections q 
and r if one of g or r is zero. A projection is central if it lies in the center of C[G]. 
A minimal central projection is a projection that is minimal in the set of central 
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projections (i.e., both g and r must be central), not necessarily minimal in the set of 
all projections. 

The Young symmetrizers are minimal central projections in the group algebra. 
Any two such projections are either equivalent or disjoint, and the space of such 
projections is in one-to-one correspondence with the irreducible representations of 
the group. See [Si] II.7 for details. 


Exercise* 8.35 We will work through an example to demonstrate that if A is an 
algebra, e an idempotent in A, and M a left A-module, then eM need not be a left 
A-module. Note first that for eM to be a left A-module we need a.em € eM for all 
ace Aandme M. 

Let e = 31) + (1, 2) — 1, 3) — 1, 3, 2)] be the (normalized) Young sym- 
metrizer from Example 8.4, and let A=C[$3]=M. Since {(1), (1, 2),..., (1,3, 2)} 
is a basis for M = C[S3], it follows that {e.(1), e.(1, 2),..., e.(1, 3, 2)} spans eM. 
Verify that (up to sign) there are only 3 distinct vectors in this set, and that any one 
of them is a linear combination of the other two. So suppose {v1, v2} is a basis for 
eM. Now we can find an element o € $3 such that o.vy ¢ eM, and so eM is nota 
left A-module. 


Exercise* 8.36 Verify the claim at the end of the proof of Proposition 7.18, that the 
identity element (1) € $3 can be written as a linear combination of vectors in C[S3], 
one from each irreducible subrepresentation. Hint: Basis vectors for the trivial and 
alternating representations are obvious. Use the Young symmetrizers for the two 
standard Young tableaux corresponding to (2, 1,0) 3 to obtain two copies of W 
in C[S3]. 


8.5 More Representations 

In Exercises 8.15—8.20 we used the Young symmetrizers to obtain irreducible rep- 
resentations of S,, in polynomial spaces. This procedure generalizes, and provides a 
way to produce irreducible representations of S, in any representation of S,. 
Proposition 8.37 Let G be a group, let (9, V) be a representation of the group 
algebra C[G], and let v € V. The map ¢y: C[G] — V given by dy(a) := p(a)v 
intertwines the left regular representation L of G on C[G] and the representation p 
of G C C[G] on V. 

Proof 


P(g)lov(a)] = p(g)[p(a)v] = p(ga)v = p(L(g)a)v = dy(L(g)a). 
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Since the set {aEr | ae CL Sp ]} spans the irreducible representation V* in 
C[S,], it follows that the set {¢y(aE7) | a € C[S,]} = {aEr.v | a € C[S,]} spans 
an irreducible representation in V for any v € V. 

As an example, here is a slight variation of Exercise 8.20 that uses Young 
symmetrizers as projections in P;. For the standard Young tableau given by 


mele 
ce 


& = (01,3). = s(-@) + (1,3) — 2,3) +(,2,3)], 


which gives us two linearly independent vectors that span a copy of W in C[S3]. 
Applying Proposition 8.37, we have 


a A 1 
ox(E,) = Ey.x = qe +y—2z), 
and 
“a a 1 
¢x(E2) = E2.x = Peal + y+ 2), 


which are linearly independent vectors that span a copy of W in P(x, y, z). Try 
this with @y and ¢;. 


Remark 8.38 For more advanced readers, the use of Young symmetrizers as 
projections works for any representation of S,, including tensor product spaces, 
where, for example, 


(1, 2).v] @ V2 ®@ V3 = V2 ® Vj @ V3. 


There is a refinement of sorts for the Young symmetrizers called semi-normal 
idempotents. These are defined inductively, and provide an inductive basis (see 
Remark 9.4) for irreducible representations in C[S,], and so for any representation 
onto which they project. See [JK], Section 3.2. For an application, see [MS]. 
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Exercise* 8.39 Here we show directly that Er := VrHr, and the “backwards” 
definition that we call E; := HrVr in Remark 8.6 result in equivalent left S,- 
modules. 

Let T be a Young tableau with shape 4, let v* = C[S, ]Er, and define VE c= 
C[Sn]E7. Recall that Ei = «xErz for some positive x € C, and then for x € yr 
define 


Voy" by ®(x) := x Fag : 


In other word, ® is the “right multiplication by [eHr-] map.” Similarly, for y € 
v*" define 


: 1 
w: vr V* by W(y) := y | Yr. 
=> y Vy) »| | 


(1) Verify that the maps ® and W are S,,-linear maps. Also check that ®(x) actually 
lies in V*", and that Wy) actually lies in ve. 

(2) Show that VY o ®(x) = x, and that ® o W(y) = y. Conclude that ® and W are 
Sp-isomorphisms, and thus V* and V* are equivalent left S,-modules. 
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Exercise 8.10 Note first that the action of each o € S, on T just relabels the boxes 
in the Young diagram for 7. Thus if i, 7 € {1,...m} are in the same row (column) 
of T, then o.i and o.j must also be in the same row (column) of o.T. 

Now let h € Hr. We want to show that cho—! e€ Hr, and therefore 
oHro! C Hr. So suppose that i € {1,...m} is an entry in 7. Then o.i is 
an entry in o.T, and 


oho! .(o.i) =oho'oi=oh.i. 


Since h € Hr, the entries i and A(z) are in the same row of T. By the above 
“note first” remark, o.i and oh.i must be in the same row of o.T, and therefore 
oxo! € Hy. The opposite inclusion, that Ho.r C o Hro—!, follows by the same 
argument since Hr = H,-1 (7). Obviously the same process shows that Vr and 
V..7 are conjugate, and the conclusion follows from the definition of Er. 
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Exercise 8.11 Let G; and Gy denote the stabilizers of s and s’ respectively. If s’ is 
in the same G-orbit as s, then s’ = x.s for some x € G. Now suppose g € G;. Then 


—1 


xgx!.s’ = xg.s (since x! 


ws’ = 5) 
=x.s (since g.s =s) 


=". 
Therefore xG,x~! C Gy. A similar argument shows the opposite inclusion. 


Exercise 8.14 By Exercise 8.12, if v € Vr, then vr = sgn(v) Vr. So 


Vp =VrVr = » ad Vr = 2 sen@) [vr] = 7 sen(v)*Vr = [Vr Vr. 


veVr veVr veVr 


Exercises 8.15-8.20 We hope you concluded that the partition (2,1,0) - 3 
corresponds to the standard representation WV3, and that there can be two distinct 
copies of YV3 corresponding to the two standard Young tableaux associated to the 
partition (2, 1,0). But when W3 appears only once, as in P), they project to the 
same subspace or onto the zero subspace. Also, the partition (3, 0, 0) corresponds 
to the identity representation 73, and that the partition (1, 1,1) corresponds to 
the alternating representation A3, each of which have only one possible standard 
Young tableau associated to them. Note that applying the Young symmetrizer 
corresponding to the partition (1, 1, 1) to the space P; yields only the zero subspace 
since the alternating representation does not appear in P;. Applying the Young 
symmetrizer for (1, 1, 1) to the space P(2,1,9) gives the alternating representation 
Ag (up to a scalar multiple) that we obtained in Sect. 5.3. 


Remark 8.23 What is a generating function? A simple example that everyone 
should be familiar with is the generating function for the binomial coefficients; 


(; _ n! 
) ~ kin — bY 


whose value gives the number of ways to choose k unordered items from n possible 
choices. The binomial theorem says that 


(x+1)" = > 3 ee 
k=0 


so the binomial coefficients are the coefficients of the the polynomial (x +1)", which 
is the generating function. 
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More generally, a generating function f (x) is a formal power series 


fe) = Yo anx" 
n=0 


whose coefficients give the sequence {ag, a1, .. .}. For example (see Remark 2.2), 


Ne) a is the generating function for the sequence {1, 1, 1, ...}. Similarly, 


[ee 


1 
i oer 


n=0 


re) my is the generating function for the sequence {1, 2,3,...} (as if we need 
one). 
As amore substantial example, let P (1) denote the partition function, that is, the 
number of partitions of a non-negative integer n. Then 


SPs" “I; — = (Lut pode tx? prt grote yd exr prope.) eee, 


n=0 


Unlike the case for binomial coefficients, P(n) has no (known) closed form 
expression. You should work out the first few terms. 


Exercise 8.24 

() Hrd, 3,2)Vr = —Hryy. 
(2) Hr(2,3)Vr = 0. 

(3) Hr, 2, 3)Vr = 0. 


Exercise 8.26 Check that 


[5 [4] 6] 
7 


(4,5), 3).T = = (5, 7)(2,4).T’, 


or equivalently, that 
(2, 4)(5, 7)(4, 5), 3).7 = 1" 


for (4, 5)(1, 3) € Hr and (5, 7)(2, 4) € Vr. 
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Since h € Hr permutes only the rows of T, it should be readily apparent that T 
and h.T have the same horizontal subgroups (or use Exercise 8.10). 
Referring to the statement of the problem, we see that 


(2, 4)(5, 7)(4, 5), 3)T = (4, 5)C, 3)(2, 5)(4, 7).T = T’, 
and hence 
(v5u})Aohy = (2, 4)(5, 7)(4, 5)(1, 3) = (4, 5), 3)(2, 5)(4, 7) € ArVr. 
Exercise 8.32 It is a useful exercise to verify everything in sight: 


(1) Forem € eM,x andy € Ae,rands € C,andfora € A, define fen (x) := xem, 
(the “right multiplication by em” map). Then the map 


w: eM — Homa,(Ae, M), given by w(em) := fem € Homa,(Ae, M), 


is a linear map between the given vector spaces. 
(a) The image of fem lies in M because M is a left A-module. 
(b) The map fe, € Hom,(Ae, M) since: 
(i) fem(rx + sy) = (rx + sy)(em) = rx(em) + sy(em) = rfem(x) + 
Sfem(y), 
SO fem is linear. 
(11) fem(ax) = (ax)(em) = ax(em) = afem(x), SO fem is an A-map. 
(c) The map y itself is linear since for em, en € eM, x € Ae, and forr, s € C, 
we have; 
wlrem + sen|(x) = flrem+sen]) 
x[rem + sen] 


xrem + xsen 


=rxem+sxen 
r fem (x) + Sfen(x) 
=rw(em) + sw(en). 


(2) For f, g € Hom,(Ae, M), r ands € C, anda ¢€ A, the “evaluation at e” map, 
g: Hom,(Ae, M) > eM, defined by g(f) := f(e), 


is also a linear map between the given vector spaces. 

(a) Since A has an identity 1,4, the idempotent e = lye € Ae. 

(b) Since f is a left A-map, e € A, and f(e) € M, we have f(e) = f(e?) = 
ef(e) Ee eM. 

(c) The map ¢ itself is linear since g(r f+sg) = [rf+sg](e) =rf(e)+sg(e) = 
ro(f) + sg(g). 
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(3) The composition yy o g@ = Idyom,4(Ae,M) Since for any ae € Ae, and for all 
f € Homa,(Ae, M), we have 


[vo v(f)](ae) = WEF (e) ae) (since pf) = f(e)) 
= ae[f (e)] (wLf (e)] is right multiplication by f(e)) 
= f (ae*) (f isan A-map, and ae € A) 
= f (ae). (e=¢ 


That is, wo g(f) = f. 
(4) Similarly, g o yY = Idey since for all em € eM, 


[yo w](em) = o( fem) = fem(e) = em = em. 


Exercise 8.35 When we perform some computations, we find that eM = eC[S3] is 
spanned by the three vectors vy := ¢.(1), v2 :=¢.(1,2), and v3 := e.(2, 3). (Note 
that e.(1, 3) = —vy, e.(1, 2,3) = —v2 and e.(1, 3, 2) = —v3.) 

Also note that v3 = vy — v2, so we can choose, say, {¥j, V2}, as a basis for 
eM. Then verify that (2, 3).vz cannot be a linear combination of {v1, v2}, and so 
(2, 3).v2 ¢ eM. Therefore eM cannot be a left C[.S3]-module. 


Exercise 8.36 The trivial representation is spanned by 


T:= (1) + 1,2) + 3) + (2,3)+,2,3)+0,3,2= Doo. 


oESy, 


The alternating representation is spanned by 


A := (1) — (1,2) — 0,3) — (2,3) + 2,3) + 4,3, 2) = SO sgn(o)o. 


oESy 


One copy of WV, corresponding to the standard Young tableau 
1|2 
a on 


FE; := (1) + 1, 2) — 1, 3) — (1, 3, 2) and (2, 3).E, := —(1, 2) + (2, 3) — (1, 2, 3) + (1, 3, 2). 


is spanned by 


The other copy of W, corresponding to the standard Young tableau 
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is spanned by 


E2 := (1) — (1, 2) + (1, 3) — (1, 2, 3) and (2, 3).Eo := —(1, 3) + (2, 3) + (1, 2, 3) — (1, 3, 2). 


Solving the system 
(Da nl+ mA + 3K) + 4, 3).E) + rsE2 + ro(2, 3).E2 
for the scalars r1,..., 76 yields 
ry =r2 = 1/6, 73 =r5 = 1/3, and rg =1r6 = 0. 
Here we have used the fact that, for example, E; generates a copy of W, so for all 
o € $3, the element o.E lies in that same copy of W. Just be sure to choose o so 


that E; and o.E) are linearly independent. 


Exercise 8.39 Verifying that ® and W are S,-linear is straightforward. For example, 


D(o.x) =o0.x | 1 | = 0. [sone | = 0.0(x). 


If x € V*, then x = aE7z for some a € C[S,]. Therefore, 


D(x) 


| Isl 
Q Sy 4 
oar 
— cas 

al = 
|- Pee 
a 4 

ol 

na 

| 


sean [VrHr] 


= =eaHrE, < V*. 


Using the previous result, we have 


VoO(x) =U (par [vrHrl) 


= (Spar [YrHr}) evr 
= Laur VrUrVr 


_— 2 
=> ee 
,aKkEr 


aEr 


=X. 


Similarly, PoW(y) = y. By the way, if the field of scalars has positive characteristic, 
we could have k = 0 and this argument would fail. 


Check for 
updates 


Given a representation of a group, obtaining a representation of one of its subgroups 
is straightforward. The reverse problem is more interesting; given a representation 
of a subgroup of a group, can we obtain a representation of the group itself? We will 
present two constructions that result in the “best” representation of a group given a 
representation of one of its subgroups, and show that in our case they are equivalent. 
Along the way we will need to develop more group theory. 

Many of the results in this section are stated and proven for the case of finite 
groups. Serious readers are encouraged to investigate their generalizations to other 
groups. 


9.1 Restriction 


Definition 9.1 Given a representation of a group G on a vector space V and a 
subgroup H of G, we obtain a representation W of H by simply restricting the 
G-action to H. In this case we write W = Res V, or just W = Res V if there 
is no ambiguity about H and G. If we need to specify the group actions, we write 
p= Res& x for p arepresentation of H and z a representation of G. Similarly we 
will use the notation xp = XRes i OF Xw = XResy for restricted characters, that is, 


characters of restricted representations. The notation W = V 2 and p =z 1g is 
also common. 


Example 9.2 The trivial representation of S3 on Z3 = (xt+y+z) C Pi(x, y,z) 
restricts to the trivial representation Zz of Sz since the basis vector x + y + zremains 
invariant if we permute only the x and y. 


Example 9.3 How does the standard representation of 53, for example 


W3 = {rx+sy+tz|rt+s+t=0} C Pix, y,2), 


© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022 125 
R. M. Howe, An Invitation to Representation Theory, SUMS Readings, 
https://doi.org/10.1007/978-3-030-98025-2_9 


126 9 Cosets, Restricted and Induced Representations 


restrict to Sy? The best way to see this is by the clever choice of a basis for W3. 
Clearly {x — y,x + y — 2z} is a basis for W3, and when we restrict the group action 
to the standard embedding of S2 in $3, we see that the vector x — y changes sign 
when the variables x and y are transposed, while the vector x + y — 2z remains 
invariant. Thus the $3-irreducible space YW/3 decomposes into Zz @ Az when the 
action is restricted to the subgroup S2. Had we used another basis for W3, the 
decomposition of Ress: W3 would not have been so obvious. 


Note that restrictions of irreducible representations need not be irreducible. 


Remark 9.4 A basis like the nifty one above, that yields a nicely-behaved basis upon 
restriction to a subgroup, can be very useful and appears often in representation 
theory. Such a basis is an example of an inductive basis, a Gelfand-Tsetlin basis, 
or a Gelfand-Zetlin (abbreviated G-Z) basis. Occasionally, we see the term Young 
basis in the context of the symmetric group. 


Exercise* 9.5 Let W4 be the three-dimensional standard representation of $4 in 
Pi(x, y, Z, w) defined by 


Wa := (nix +ry+rz+raw| ri t+r2+73+74 = 0}. 


How does this representation decompose when restricted to $3? Hint: Mimic 
the discussion from Example 2.29 to show that W4 is irreducible and three 
dimensional, then find a Young basis. Extra hint: x — y and x + y — 2z are two 
linearly independent vectors in W4. What is a good choice for the third basis vector? 


9.2 Quotient Spaces 


Let’s recall the notion of quotient spaces from linear algebra. Given a vector space 
V with subspace W, for each v € V the set 


v+W :={v+w|we W} 


is called the affine space through v parallel to W, or the left coset of W containing 
v. The set of all left cosets is called the quotient space of V modulo W (“V mod W” 
for short), written V/ W, and is itself a vector space. 

As a simple example, let V = R* and let W = {(0,r) | r € R} be the y-axis. 
Then 


v+W=({(x,y)+ (0,7) |x,y,r € R}={@,y+r)|x,y,r € R} = (,0)+ W. 
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That is, the quotient space “looks like” the x-axis. Note that (1,0) + W = 1,1) + 
W = (1,3)+ W =...-. The following exercise is a good review, and is useful in its 
own right. 


Exercise* 9.6 Let V = U @ W be a finite-dimensional vector space. For v € V, 
define the left coset v + W as above, and denote the collection of these left cosets 
by V/W. 


(1) Show that v+ W = v’ + W if and only if v—v’ € W, and therefore v = v’ + w 
for some w € W. 
(2) Define addition and scalar multiplication on cosets by 


[V+ W]+[w+W]:=(Wwt+v)+W, and r[v+ W] :=rv4+ W. 


Show that these operations are well-defined using part (1). Conclude that V/W 
is a vector space, with W = 0+ W as the additive identity. 

(3) Show that, for any v, v’ € V, either v+ W = v'+ W, orv+ W()v'+W = {0}. 

(4) Let {u;,..., uz} be a basis for the subspace U of V. Show that {u; + 
W,..., Ux + W} is a basis for V/W. Conclude that Dim(V/W) = Dim V — 
Dim W, and consequently that V/ W and U are isomorphic as vector spaces. 

(5) Show that the map @: V — V/W given by ¢(v) = v+ W isa linear map onto 
V/W. 

(6) Let V = U@W be arepresentation of a group G, where U and W are invariant 
subspaces. Define an action of G on V/W by g.[v+ W] = g.v+ W. Show 
that this action is well-defined. Show that the map ¢ in part (5) is a G-map, and 
conclude that U and V/ W are equivalent representations of G. 


Exercise* 9.7 Let V and W be finite-dimensional representations of G, and let 
d: V > W bea G-map. If K = Ker@, show that In@ = V/K. Conclude that 
V = K ®U, where U = Im@. Hint: Define b: V/K — W by ow + K) = (vy), 
and show that é is a G-isomorphism. 


Exercise* 9.8 Let G be a finite group. Show that every irreducible representation 
of a group G appears in C[G]. Hint: Let V be an irreducible representation of G, 
and for0O 4 ve V, define ¢ : C[G] — V by ¢(a) := a.v. Then use Exercise 9.7. 


Corollary 9.9 The collection {V* | % + n} is a complete set of irreducible 
representations of Sy, as we have previously noted. 


9.3 Cosets 


There are constructions analogous to quotient spaces for other mathematical objects, 
and for the case of groups, these constructions are called cosets. Cosets are an 
important tool for the study of groups, and we will them need for our discussion 
of induced representations. 
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Definition 9.10 Let H be a subgroup of a group G, and let g € G. Define the left 
coset of H containing g, denoted gH, as gH := {gh | h € H}. The element g € G 
is called a coset representative of gH. The set of all left cosets of H in G is written 
G/H, and pronounced “G modulo H” or “G mod H.” 


Remark 9.11 We can similarly define theright coset containing g, as Hg := {hg | 
h € H}, and the double coset containing g and g', as gHg’ := {ghg' |h € H}. 

Only in the special case of when H is a so-called normal subgroup of G can we 
define a product of cosets, and thereby give G/H a group structure. Readers who 
are serious about modern algebra should look up “normal subgroups,” and check 
that the multiplication given by (aH)(bH) = abH is well-defined. Also check that 
the alternating group A, is the only proper normal subgroup of S, forn > 5. 


Example 9.12 Let G = GL(2, R), let H = SL(2, R), and let g = ( ,) € G. How 
can we more completely describe the coset gH? 

If x € gH, then x = gh for some h e€ H. Using the definition of H (those 
matrices with determinant equal to 1) and the properties of determinants, we have 
Det x = Det(gh) = Det(g) Det(h) = 2. 

Conversely, suppose some x = ( : :) € G has determinant equal to 2. Then we 


can factor x as 
L 
oie ab = 20 ao ; 
cd 01 cd 


After a quick calculation, we see that the right-hand factor has determinant equal to 
1 and so lies in H. Thus x = gh for some h € H, and we conclude that ¢ H consists 
of all matrices in GL(2, R) with determinant equal to 2. Note that there can be lots 
of coset representatives. For example, 


20 0-2 20 J/2 0 
. te (Oo) ee, @ PA 
Example 9.13 Let G = (Z, +), let H = (3Z, +), and let g = 2 € G. Since the 


group is additive, the left coset is written g++ H =2+ H = {24+3k|keZ}= 
{..., -4, -1, 2,5, 8,...}. Again, note that2+ H=5+H=.... 


You should try and prove the results in Proposition 9.14 below before looking 
them up. Hint: Exercise 9.6. You should also verify these properties for some of the 
above examples. 


Proposition 9.14 Let H be a subgroup of a group G, and let a,b € G. Then 
(1) ae aH, 


(2) aH = H if and only ifa € H, 
(3) aH = DH ifand only ifa € bH, 


9.3 Cosets 129 


(4) eitheraH = bH oraH (DH is empty, 
(5) aH = DH if and only ifa~'b € H, 

(6) G = Weeg 8H (disjoint union), 

(7) |aH| = |bA |. 


The above properties imply that the relation “a ~ b if aH = bH” is an 
equivalence relation on G, and it follows that a group G is the disjoint union 
of its distinct left H-cosets, each of which have the same number of elements.! 
Consequently, if G is finite, |G| is divisible by |H]|, and |G/H|, the number of 
left cosets, is equal to |G|/| |. This result is known as Lagrange’s Theorem. The 
number of left cosets of H in G is called the index of H in G, written[G : H]. 


Definition 9.15 A selection of exactly one coset representative from each coset 
of H is called a transversal to H in G, a transversal of G/H, or occasionally, 
a system of representatives of G/H. In the case where [G : H] is finite, 
and where {g1, g2,..., gx} iS a transversal of G/H, this means that G/H = 
{91H, goH,..., g¢H} is a complete set of disjoint left cosets of H in G. It is 
customary and convenient to set g; = e, the identity in G. 


Exercise* 9.16 Referring to the above examples, write down a transversal for H in 
G, where: 


(1) G=GL(,R), and H = SL(2,R); 
(2) G=(Z, +), and H = (3Z, +). 


Exercise* 9.17 Generalize the construction of Example 9.13 for the subgroup H = 
kZ for some fixed integer k. Write down the obvious set of coset representatives for 
each coset a + kZ. 


Exercise* 9.18 Let G = (C*, x), the multiplicative group of non-zero complex 
numbers, and let H be the subgroup {a + bi | a? + b? = 1} from Exercise 1.47. 
Choose an element, say g = 1+2i € G. Describe the coset gH geometrically. How 
does G/H partition G into disjoint subsets? What is a transversal for G/H? 


Exercise* 9.19 Let G = (R?, +), and let H be the subgroup {(x, 2x) | x € R} 
from Exercise 1.44. Choose an element, say g = the point (1, 3) in the plane. 
Describe the left coset g+ H geometrically. How does G/H partition G into disjoint 
subsets? What is a transversal for G/H? 


' A collection of non-empty disjoint subsets of a set S whose union is S is called a partition of S. 
This is a set partition, as opposed to the integer partitions encountered previously. Any equivalence 
relation on a set partitions the set into equivalence classes. Note the use of the word “partition” as 
both a noun and a verb. 
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Exercise 9.20 Write down all the subgroups of $3, and then list all the elements in 
each coset of each subgroup. Write down a transversal for each case. 


Exercise 9.21 Write out the cosets in S4 for the following subgroups H of S4 and 
determine a set of coset representatives. 


(1) A = the alternating subgroup A4. 

(2) H = the dihedral group D4 from Exercise 1.53. Note that the 2-cycles in $3 
(along with the identity) can be taken as a transversal for S4/D4. 

(3) H = the Klein four-group; K4 := {(1), C, 2)@G, 4), , 3)(@, 4), 1, 4 (2, 3)}. 

(4) H = Rez, the rotations of a square; Ra := {(1), 1,2,3,4,0,3)2,4), 
(1, 4, 3, 2)}. Note that the elements of $3 can be taken as a transversal. 


Example 9.22 Let G = (R, +) and let H = (Z, +). A transversal for H in G is in 
one-to-one correspondence with the interval [0, 1). 


9.4 Coset Representations of a Group 


A construction similar to the left regular representation of a finite group G on its 
group algebra C[G] is given by the left coset representation. 

Let H be a subgroup of a finite group G and consider G/H, the set of left cosets 
of H. We construct a vector space C[G/H ] by declaring each coset gjH to be a basis 
vector (hence the use of boldface). Thus any vector v € C[G/H] is of the form 


v=r|gi1H+292H+---+77¢9kH, forscalarsr),..., rp. 


The G-action is defined on the basis vectors by g.gjH = ggjH, and we extend 
this action to C[G/H] by linearity: 


g.Vv= g.7igiH + 2g2H4+ ---+779kH) = riggiH + r2gg2H4+ --- +7cggKH. 


As noted in Remark 9.11, only when H is a normal subgroup of G can we define 
multiplication in G/H, and thereby give C[G/#H] the structure of an algebra. 


Exercise* 9.23 Work through the details of the coset representations for the various 
subgroups of G = $3: If H = 33, then the coset representation can only be the 
trivial representation. If H = {(1)}, then the coset representation is the left regular 
representation on the group algebra C[G]. When H = Sp (any of the isomorphic 
copies), then C[G/H] is three dimensional and is equivalent to the permutation 
representation, which decomposes as Z @ W. When H = A3, the subgroup of even 
permutations, then C[G/H] is two dimensional and decomposes as Z@ A, the direct 
sum of the identity and alternating representations. 
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Exercise 9.24 Let G = S4 and H = $3. Show that the coset representation of S4 
on C[G/H] is equivalent to the permutation representation of S4 on P) (x, y, Z, w). 


Exercise* 9.25 Generalize the previous exercise. Show that for any finite group G 
with subgroup H, the representation of G on G/H is a permutation action. Hint: If 
g’H is a basis vector in G/H, then what is g.g'H? 


9.5 _ Induced Representations: Version One 


If H is a subgroup of G, and if W is a representation of H, what is the “most 
general” (whatever that means) way to extend W to a representation of G that 
contains a copy of W upon restriction to H? Our goal in this section is to give 
the “best” (to be defined later) answer. 


Example 9.26 Consider the example of H = S2 and G = $3 acting on C[G/H]. 
We can choose a transversal of H, say G/H = {H, (13)H, (23) H}, so that 


C[G/H] = (H, (13)H, (23)H)). 


Note that H acts trivially on (H)), the one dimensional subspace spanned by {H}, 
and that C[G/H] = ® (o.H)), where the sum is taken over all distinct cosets oH € 
G/H. This is an example of a representation of G induced from a (trivial, in this 
case) representation of H. This generalizes. 


Definition 9.27 Suppose that V is a representation of a finite group G with 
subgroup H, and let W be a representation of H contained in V. Then we say 
that the representation of G on V is induced from the representation of H on W if 


V= QB o.W. 


oHeG/H 
Again, the direct sum is taken over a transversal of H in G, and the space 
o.W := {o.w | we Wh 
is called the o-translate of W. Since the action of each o € G on W is linear and 


invertible, each o.W is a subspace of V that is isomorphic (as a vector space) to W. 
The action of G is extended linearly over the direct sum; 


ZV = g.(o,.Wy +:++ + Of. Wy) = (go1).Wy +--+ + (gox).We. 


Since the expression for v as a sum is unique, the group product is associative, and 
g.o; = ojh for some o; and some h € H, the action of G on v is well-defined. 
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Also, let’s not overlook the fact that, since we have a coset acting on W, we 
need to verify that the designation o.W is independent of the choice of coset 
representative. 


Exercise 9.28 Let G, H, and W be as in Definition 9.27. Work through the details 
of the following argument: if aH = bH, thena.W = b.W. 

Let w € W, and consider a.w. If aH = bH, then by Proposition 9.14 we have 
b-!a € H. Since W is H-invariant, we have b—1a.w = w’ for some W € W. Thus 
a.w = b.w’,soa.W C b.W. Similarly, b.W C a.W. 


Notation 9.29 With the terminology of Definition 9.27, we write V = Ind& WwW, 
or V = Ind W when H and G are understood. If we need to specify the group 
actions, we write 7 = Ind p for p a representation of H and z a representation 
of G. Similarly we will use the notation x; = XindG p OT XV = Xindw for induced 


characters, that is, characters of induced representations. The notation V = W +3 
orm =p +c is also common. 


Exercise* 9.30 If H is a subgroup of a finite group G, show that the dimension of 
Indi, W =[G: H]DimW = {7 Dimw. 

Exercise* 9.31 Consider Pi(x,y,z) = (x,y,z). Show that the permutation 
representation of $3 on P| is induced from a trivial representation of Sz. Try this for 
the three different copies of $2 in $3. Conclude that this induced representation is 
equivalent to the representation given in Example 9.26. 


Exercise* 9.32 Consider P(1,1,0)(x, y, Zz) = (xy, xz, yz). Show that the permu- 
tation representation of $3 on P(1,1,0) is induced from a trivial representation of 
S2. Try this for the three different copies of Sz in $3. Conclude that this induced 
representation is also equivalent to the representation given in Example 9.26, and 
consequently equivalent to the representation in Exercise 9.31. 


Note that representations induced from irreducible representations need not be 
irreducible. 


Exercise* 9.33 The vector v = x-—y spans the one-dimensional alternating 
representation Az of Sz in P1(x, y, z). Show that the space spanned by {o.v | 
o € S$3/S2} is the standard representation VWV3. Why is this NOT the induced 
representation Inds? Ao? 


Exercise 9.34 Consider the S3-invariant subspace P(2,1,0) = (x”y, xy”, ..., yz”). 
Certainly the vector vj; = x’y - xy? spans a copy of Ao, the alternating rep- 
resentation of S:. Set v2 = (1,3).vj, and v3 = (2,3).vj. Check that, since 
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{(1), (13), (23)} is a transversal for S2/5S3 and {v1, V2, v3} is linearly independent, 
we have (v1, V2, V3) = Inds; A. 


Exercise* 9.35 Referring to Exercise 9.34, verify that the vector vj — v2 — v3 
changes sign under the action of the transpositions in $3, and therefore spans a 
copy of A3, the alternating representation of 53 (see Sect. 5.3) in Inds Ao. Verify 
that no linear combination of {v,, v2, v3} is $3-invariant, and therefore that Ind A» 
contains no copies of Z3. It follows that Ind Az contains either two more copies of 
A3, or one copy of W3. Which is it? 


Remark 9.36 The ways in which irreducible representations decompose into irre- 
ducibles when restricted or induced are called branching rules. 


Example 9.37 Let G be a finite group, let C[G] be the group algebra, and let H = 
{e} be the trivial subgroup of G. Choose any basis element g € C[G], and let W = 
(g)) be the one-dimensional trivial representation of H. Then Ind%, W is equivalent 
to the left regular representation of G on C[G]. 


Example 9.38 This generalizes Example 9.37. Let H be a subgroup of a finite group 
G, and consider the left regular representation of H on C[H]. Since C[H] has basis 
{h | h € H}, we have that Ind& C[H] is equivalent to the left regular representation 
of G on C[G]. 


Exercise* 9.39 Verify Example 9.38. 


Exercise 9.40 Consider the S3-invariant subspace P(2,1,0) = (xy, xy”, ..., yz”). 
Check that only the identity element in $3 acts trivially on each basis vector, 
and conclude that the action of $3 on P(2,1,0) is induced from the (trivial) 
representation of the trivial subgroup {(1)}, and is therefore equivalent to the left 
regular representation on the group algebra. 


Example 9.41 If H is a subgroup of G, if {W;} is a a collection of H-invariant 
vector spaces, and if W = @ W;, then Ind W = @ Ind W;. This is routine to verify 
using the definitions involved. 


Example 9.42 From the previous example, it follows that if W is a representation 
of H and if W; is an H-invariant subspace of W, then Ind W, is a G-invariant 
subspace of Ind&, WwW. 


Exercise* 9.43 In this exercise we will decompose representations induced from 
trivial representations of a subgroup H of S4 (for the listed subgroups H) by con- 
sidering the representation of S4 on the coset space C[$4/H], applying Exercises 7.6 
and 9.25, and using characters. 
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For each of the subgroups H below: 


¢ Determine the dimension of C[S4/H]. 

¢ Write out the cosets of S4/H, or at least determine a transversal (Definition 9.15). 
Some coset representatives are easier to work with than others. 

¢ Observe that the action of S4 is a permutation action on the cosets. Using 
Exercise 7.19, compute the character of the representation of $4 on C[S4/H]. 

¢ Using Exercise 7.19 again, determine the multiplicity of each irreducible repre- 
sentation of S4 in C[S4/H]. Hint: The characters for the trivial and alternating 
representations are easy since their eigenvalues are obvious. As you work through 
the list of subgroups, new irreducible characters of S4 will arise. 


(1) H = Ag, the alternating subgroup of Sq. 
(2) H = Da, the dihedral subgroup from Exercise 1.53. 


(3) H= 83. 
(4) H = Kg, the Klein four-group, K4 := {(), (,2)(G,4), ,3)@,4), 
(1, 4)(2, 3)}. 


(5) H = Rg, the rotations of a square, Ra := {(1), 1, 2,3,4,0,3)2,4), 
(1, 4, 3, 2)}. 
(6) H = As3, the alternating subgroup of $3. 


9.6 Matrix Realizations and Characters of Induced 
Representations 


If H is a subgroup of a finite group G, and if W is a representation of H, we can 
obtain matrix realizations and characters of Ind W from those of W. 

Let S$ = {oj }i_ , be a transversal for G/H. Then any v € V can be written as 
v = )_0;.w; for w; € W, and therefore g.v = )- g0;.w;. How does g € G act 
on some o;.w;? Since G/H partitions G, we have that g.o; = ojh for a unique 
oj; € Sand some h € H, which tells us how g.o; = o;/h acts: first we get an action 
of H on W, then a translation by o; from W to oj W. Now g.o; = ojh implies 


that o j 1 9.0; = h. Thus the matrix realization for g € G is given by block matrices, 


where in each ith column there is a unique j with block oF ; g.o;, the other blocks in 


the column being zero since in those cases ey g.o; ¢ H. This yields the following 
proposition and corollary. , 


Proposition 9.44 Let H be a subgroup of a finite group G, and suppose W is a 
d-dimensional representation of H. Let S = {o; | aan be a transversal for G/H, and 
letV = Ind¢, W. Then the matrix realization g for the action of g on V is given in 
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block form by 


—l —1 —1 
Of 801 Of 802“ OF Ok 


——~_—_— 


—l —l —l 
Oy 801 0, 802 +++ Oy BOK 


Qe 
ll 


a e_- OC NS 


—l -l —1 
O, 801 O, 802 +++ O, BOK 


where each block is ad x d matrix, and exactly one block in each row (or column) 
is non-zero. 


The results of Proposition 9.44 simplify the task of computing characters of 
induced representations. 


Corollary 9.45 


k k 
xv(g) = ae: (Cara) = Y= xw(o; | goi), where xw(a; 'goi) — 0 whenever 0, | goi ¢ H. 


i=1 


i=1 


Exercise* 9.46 Work out some matrix realizations for Indy TZ and Indy Ao. 


Verify the character for Inds; Ap» from Exercise 9.35. 


Exercise 9.47 Show that, since characters are constant on conjugacy classes, we 
can rewrite Corollary 9.45 as 


1 
i] > xw (x! gx), where again xw (x7! gx) := 0 whenever x7! gx ¢ HA. 


xEeG 


Xv (g) = 


9.7. Construction of Induced Representations 


Definition 9.27 tells us when a representation of a finite group G is induced from 
a representation of one of its subgroups H. By reverse-engineering the discussion 
from the previous section, we can construct the representation of G induced from 
the representation of H. 

Suppose W be a representation of H, and let S$ = {oi }h , be a transversal for 
G/H. For each oj € S, take a copy Wo, of W, and then set V = a, Wo; (this 
would be an external direct sum). How does G act on V? For any g € G, we 
have g = ojh for some oj € S and some h € H. Then for any w; € Wo,, we 
have g.w; = ojh.wi, so g first acts on w; via h, then shifts the result to the direct 
summand Wo; o;- Now extend by linearity to all of V. Of course, this will give us a 
matrix realization equivalent to the one in Proposition 9.44. 
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9.8 Frobenius Reciprocity 
In this section we relate restricted and induced representations. 


Proposition 9.48 Suppose G is a finite group with subgroup H. Suppose U is a 
representation of G, W a representation of H, and let V = Ind W. Then every H- 
linear map g: W — U extends uniquely to a G-linear map @: V — U. Conversely, 
every G-linear map from V to U restricts to a unique H-linear map from W to 
Res U. Consequently, the identification of y with @ gives an isomorphism of vector 
spaces; 


Homy(W, Res U) = Homg (Ind W, VU). 


Proof Let g: W — U be H-linear, and let {o; ae be a transversal for G/H. Since 
V=IndW= a, o;.W, every v € V can be written uniquely as Vv = o1.w, + 
-++ ++ o¢.Wx for some vectors w; € W. Define @: V > U by 


P(V) = 01.9(W1) +--+ + 0K.9 (We). 


Because the sum is direct and every linear map from W to U is uniquely 
determined by its values on the basis vectors of W, it follows that @ is the unique 
extension of g from W to V = IndW. 

The unique restriction of a G-linear map to an H-linear map should be obvious. 

oO 


Exercise* 9.49 Verify that the map @ in Proposition 9.48 is well-defined. 
Exercise 9.50 Verify that the map @ in Proposition 9.48 is G-linear. 
Proposition 9.48 has a useful corollary. 


Corollary 9.51 If W and U are irreducible, then the multiplicity of U in Ind W is 
equal to the multiplicity of W in Res U. 


Proof If W and U are irreducible, then by Proposition 5.16, the dimension of 
Homa (Ind W, U) is the number of times U appears in Ind W, while the dimension 
of Homy(W, Res U) is the number of times W appears in Res U. 

This result is often stated and proven in terms of inner products of characters. 
See [Sa], Theorem 1.12.6. oO 


Remark 9.52 For the more advanced reader, a stronger statement of Frobenius 
Reciprocity says that the operations of restriction and induction are adjoint functors 
between the category of G-modules and the category of H-modules. In this context, 
Proposition 9.48 is a “universal property” that uniquely determines Ind W up to a 
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natural G-isomorphism. This is what we meant by the term “best” at the beginning 
of Sect. 9.5. 


Just because we define something does not necessarily mean that it exists. We 
can, however, guarantee the existence and uniqueness of induced representations. 


Proposition 9.53 Given a subgroup H of a group G and a representation W of H, 
the representation Ind& W exists and is unique up to equivalence. 


Proof We first show existence. By Example 9.41, we may assume that W is 
irreducible. By Corollary 7.19 (5) or Remark 6.4, W is a direct summand of C[H]. 
By Examples 9.38 and 9.42, Ind W is a G-invariant subspace of C[G] = IndC[H]. 

We now show uniqueness, up to equivalence. Let H be a subgroup of G, let W be 
a representation of H, and suppose V and V’ are two representations of G induced 
from the representation W of H. Let i: W — V’ be the inclusion mapping” of 
W into V’ as a direct summand. Since i is obviously H-linear, by Proposition 9.48 
there is a unique G-linear map F : V — V’ that intertwines the representations 
of G on V and V’, and is the identity on W. Therefore the image of F contains 
each o.W, and consequently is equal to all of V’. Since V and V’ have the same 
dimension (Exercise 9.30), F is an isomorphism of vector spaces. Since F is also a 
G-map, we have that V and V’ are equivalent as representations of G. oO 


9.9 Induced Representations: Version Two 


In this section we give another definition of induced representations, and show that, 
at least in the case for finite groups, these definitions are equivalent. 


Definition 9.54 Let G be a group with subgroup H, let W be a representation of 
H, and define 


F:={f: Grow hI f@)] = f(xh) forallh € H andx € G}. 
The action of G on F is then defined by [g.f](x) := f(g7!x). It is important 
to note that the expression hf Ff (x)] refers to the action of H on W, while the 


expression [g. f](x) refers to the action of G on F. 


Exercise 9.55 If f € F, show that g.f € F. Conclude, along with Exercise 1.92, 
that the space ¥ carries a representation of G. 


Definition 9.54 has the advantage that it can be applied to groups that, say, are not 
finite, or to subgroups that are not of finite index; for example, matrix groups and 


2 Tf X C Y, then the inclusion mapping i : X — Y is defined as i(x) = x for all x € X. 
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subgroups. However, this definition if not very intuitive. What must such a function 
Ff € F “look like?” 

Since f: G — W, we have that f(e) = w for some w € W. Applying the 
definition of F yields 


h-' [f(e)] = f(eh) = f(h) =h7!.w, where w= f(e). 


In other words, for any such f € F, the image f(h) is a “left action by h on some 
w € W,” at least when restricted to H. We can then extend this idea to all of G via 
cosets of H. 

The following exercises flesh out the details and outline the proof that the above 
representation of a finite group G on F is equivalent to the induced representation 
of G on V = Ind? W = Donec/n ow. 


Exercise* 9.56 Let H be a subgroup of a finite group G, and let W be a 
representation of H. For w € W and x € G, define fy: G — W by 


Peal : 
x'.w, ifx ed; 

fw(x) = . 
0, ifx ¢ H. 


Show that fy € F. 


Exercise* 9.57 Define ¥: W > F by VU(w) = fy. Show that V is an H-linear 
map. 


Exercise* 9.58 Show that the map ¥: W — F is one-to-one. Conclude that W is 
an H-map that embeds W in F as V(W) = W = {fy | w © W}, and therefore W 
and W are equivalent representations of H. 


Remark 9.59 In mathematics, an embedding is when one mathematical structure is 
contained within another such structure: subgroups of a group, vector subspaces of 
a vector space, and topological subspaces of a topological space are some common 
examples. When some object X is said to be embedded in another such object Y, 
the embedding is given by some injective (one-to-one) and structure-preserving map 
f: X — Y. Respectively, group homomorphisms, linear maps between vector 
spaces, and homeomorphisms of topological spaces are the structure-preserving 
maps for the common examples named above. 


Exercise* 9.60 We now extend the notion of fy to the other cosets of H. Choose 
g €G,we W, and define fp yw: G > Was 


h—|w, ifx = gh forsomeh € H; 


ee = 0, ifx ¢ gH 


Show that fo w € F. 
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Exercise* 9.61 Leto € G. Show that o. fg,w = fog,w. Note that fy = few. 


Exercise* 9.62 For o € G, define o.W := {o.fw | w € W}, and define Vi 
@OoHeG/H o.W. Show that F = V. That is, given any f € F, then f = fo,w for 
some o € G and some we W. 


Exercises 9.56—9.62 prove the following. 


Proposition 9.63 Suppose that H is a subgroup of a finite group G, and let W be a 
representation of H. Let F be defined as in Definition 9.54, and let fw be defined as 
in Exercise 9.56. Define W := {fy | w € W}, and define o.W := {o. fw | w € W}. 
Then 


ia pS o.W and V= B o.W 
oHeG/H oHeG/H 


are equivalent representations of G. 


The following exercises provide a streamlined proof that W and W are equivalent 
as representations of H. 


Exercise* 9.64 Let W = {fw | w € W}. Define ®: Wow given by ®(f) = 
f (e), where e is the identity in G. Show that ® is also an H-linear map. 


Exercise* 9.65 With ® as above and W from Exercise 9.57, show that PoW = Idw 
and VW o ® = Idy. Conclude that Y embeds W in F as W, and that W and W are 
equivalent as representations of H. 


Example 9.66 Here is a special case of Exercise 9.65. 
Let H = G with identity element e, and let W be a representation of G. Define 
®: F > Wby fb fle). Then? 


®[¢.fl=[g.fl(e) = f(g 'e) = flee) = gl f(@l=g.P(/f). 


That is, the map ® intertwines the action of G on ¥ with the action of G on W. 

For w € W and x ¢€ G, define fy(x) := x7!.w, and define V: W > F by 
W(w) = fw. Then © also intertwines the action of G on W with the action of G on 
F, and the maps ® and W are inverses of each other. Hence W and F are equivalent 
representations of G. 


Exercise* 9.67 Prove the following statement of Frobenius reciprocity for the 
version of induced representations given in Definition 9.54. 


3 Because f ¢ FandH =G. 
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Let H be a subgroup of a group G with identity e, let (0, W) be a representation 
of H, let (2, U) be a representation of G, and let F = Ind&, W. Then there is an 
isomorphism of vector spaces; 


Homy (Res U, W) = Homg(U, Ind W). 
Hint: Show that any ® e€ Homg(U,IndW) corresponds to a map @ € 


Hom; (Res U, W); where ® is expressed in terms of ¢, and @ is expressed in 
terms of ®, as 


d(u) = [P(u)](e), and [®(u)](x) = o(a[x~']u), forx €G. 


Remark 9.68 There are a number of (equivalent) definitions of induced representa- 
tions. The matrix realization of Proposition 9.44, and the space F described above 
are often given as the definition of the representation Ind? W, as is the variation of 
the space F that we’ll call 


Fop ={f: G > WAL (x)] = f (hx) for all h € H and x € G}. 
The action of G on Fop is given by [g.f](x) = f (xg), and Proposition 9.63 is 
stated and proven “backwards.” Another definition uses tensor products, and some 
references define Ind&, W as any representation that satisfies the “unique extension 
property” of Proposition 9.48. For the geometric version of induced representations, 
on the space of sections on a vector bundle over the quotient space G/H (with 
structure group H and fiber W), along with some physical motivation for the idea, 
see [St], Ch 3. 
9.10 Hints and Additional Comments 
Exercise 9.5 We use the basis 
W4 = {ryx+r2yt+r3z+r4w | ry treatr3+r4 = O} = (x —y, x+ y—2z, x+yt z—3w)). 
It follows that, when restricted to $3, the representation Res W4 decomposes as 

(x —y,x+ y—2z) @ (x + y+2z—-3w) = W3 @73. 

Note that when we further restrict to Sz, Res W4 decomposes as Az ® 272. 
Exercise 9.6 Here are a few solutions that demonstrate the techniques involved. 


(1) Ifv+ W = v'+W, then for each w € W there is a Ww € W such that 
v+w=v+w,sov—v' =w —we W since W is a subspace. 
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Conversely, suppose v — v’ € W. Then v — vw’ = w’ for some w’ € W, and so 
v=v'+w. Therefore, for each w € W, we have 


v+tw=vt+wt+wev+wWw, so v+Wcv4+w. 


By a symmetric argument, v + W Cc v+ W. 
(2) We need to show that ifv+ W =v’ + W, andifu+ W =u’ + W, then 


[v+W]+[u+ W]=[v+W]+ lu + WwW], 


i.e, that addition is independent of the coset representatives chosen. The proof is a 
routine application of the definitions involved and part (1). 
Similarly for scalar multiplication. For example; 


v+W=v4+W>v-vV=wew 
=>r(v—w)=rweW (since W is a subspace) 
>rv—-rveWw 
>Srv+We=rv+W (by part (1)) 
=>riv+W)=r[v+ WI. 


(6) v+W=vV4+Wa>v-vV=wew 
=> g.(v—v’) = g.we W (since W is G-invariant) 
>ev-gvew 
>evtW=egv+Ww 
>giv+Wl]=glv+ WwW). 


Also, 


o(g.v) =g.vtW 
= g.[v+ W] 
= g.p(v). 
Exercise 9.7 As with all maps on equivalence classes, we first need to show that 


d is well defined, so suppose that v; + K = v2 + K. Then v; = v2 + k for some 
k € K, and therefore, 


(v1 + K) = $(v1) = P(v2 +k) = b(v2) + O(K) = O(v2) +0 = O(v2 + K). 
Now recall that Ker ¢ and Im@ are G-invariant subspaces of V and W respec- 


tively (Proposition 3.13). It should be routine to verify that ny is linear, onto Im ¢, 
and a G-map. 
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We can show that ny is one-to-one directly: 


o(vi + K) = $(v2 + K) > 6(v1) = (v2) 
= $(v1) — o(v2) =0 
=> (V1 — v2) =0 
>v-wek 
>v4+K=w4+kK. 


Or we can just observe that Kero = K, which is the zero-element in V/K. The 
conclusion that V = Im@¢ @ K follows from Exercise 9.6. 


Exercise 9.8 First observe that the set {g.v | g € G} spans an invariant subspace 
of V, and so equals all of V since v 4 0 and V is irreducible. Now verify that ¢ is a 
G-map, that Im@ = V, and so C[G] contains a copy of V as a direct summand by 
Exercise 9.7. 


Exercise 9.16 


(1) Following the reasoning of Example 9.12, coset representatives are character- 
ized by their determinant. Hence the set {[5 a | r € R*} is a system of 
representatives for GL(2, R)/SL(2, R). 

(2) The set {0, 1, 2} is a transversal for Z/3 Z since cosets are determined by the 
remainder after division by 3. 


Exercise 9.17 For the novice reader, this example is important enough to justify 
some additional remarks. If G = (Z, +) and H = (kZ, +), then G/A is known as 
the integers modulo k, often written as Z,. For example Zo = {6n, 1+ 6n,...,5+ 
6n | n € Z} (recall that here the cosets are written additively), which we can 
abbreviate as {0, I,..., 5}. The set Zx has the algebraic structure of a ring, which 
means that we can add, subtract and multiply (among other things). For example, 
in Zo we have 4 +3 = I and4 x 2 = 2. It is a good exercise to show that these 
operations are well defined, i.e., are independent of the coset representatives chosen. 
Note that 4 + 2 = 0, which means that 2 = —4. Also observe that 2 x 3 = 0; the 
cosets 2 and 3 are called zero divisors. Furthermore 5 x 5 = I so 5! = 5, but that 
there is no a so we can’t always divide. It turns out that if p is prime, then Z, 
has the algebraic structure of a field. One common and useful way to think of, say, 
Z, is as a clock face numbered 1, ..., 6 = 0, rather than 1,..., 12. 


Exercise 9.18 For G = (C*, x) and H = {a+bi | a2+ b* = 1}, we will describe 


the coset (1 + 2i)H. By Proposition 9.14, gH = g'H if and only if g~!g’ € H, so 
we need to determine all g’ such that (1 + 21)~!g’ € H. Now (1+2i)7! = ; _ zi, 
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and if we set g’ = x + yi, then 


gle = (3 — Zi)(et yi) 
= (5x + $y) + (Sat gyi. 


To satisfy the condition a* + b? = 1 for membership in H, we solve 
(ox + 2y)?+ (Sart iy? = 1 
=x+= —x+=sy)°=1, 
oS 


and obtain x? + y* = 5. Thus (1+ 2i1)H = {zeC| |z| = V5}. 

For those readers familiar with complex variables it is easier to solve this more 
generally. Write g € C in polar form as g = r(cos@ + isin@), where r is the 
modulus: r = (gz)'/? (the distance from the origin to g in the complex plane), 
and where @ is the angle between the positive real axis and the ray from the origin 
through g. We can similarly write g’ = r'(cos 6’ + i sin@’). It follows that 


gg’ = [r(cos@ +isind)]~! r'(cos 6’ +i sind’) 
1 (cos 6 —isin@) r’(cos6’ +i sind’) 
“ (cos[6’ — 6] + i sin[6’ — 6]) € H. 


Since cos @ + sin? @ = 1 for any real number @, the right-most factor lies in H. 
Therefore g and g’ are in the same coset of H if and only ifr =r’, i.e., if and only 
if they have the same modulus. It follows that G/H partitions G, i.e., the Complex 
plane /{0}, into circles centered at 0. 


Exercise 9.19 For G = (R?,+), H = {(x, 2x) | x € R} and g = (1,3) € G, we 
wish to find all g’ = (a, b) such that g+ H = g’+H, or equivalently (a, b)—(1, 3) € 
H. To wit, 


(a,b) -— (1,3) € H © (a,b) — (1, 3) € {(x, 2x) | x € R} 
> (a—1,b—3) € {(x, 2x) | x € R} 
& b-—3=2(a-1) 
&b=2a+l. 


Thus (1, 3)+ AH = {(a, 2a+1) | a € R}, or more conventionally, the line y = 2x+1 
in the xy-plane. Similar reasoning shows that G/H partitions R? into parallel lines 
with slope 2. 


Exercise 9.23 The case where H = A3 may not be obvious. $3/A3; = 
{A3, (1, 2).A3}, so the identity representation is spanned by {A3 + (1, 2).A3}, 
and the alternating representation is spanned by {A3 — (1, 2).A3}. 
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Exercise 9.25 The relevant observation is that, for any g € G andany g’H € G/H, 
the G-action given by g.g’H is another coset in G/H. That is, the action of G just 
permutes the cosets, which are the basis vectors in C[G]. 


Exercise 9.30 By the definition of direct sum, the spaces o.W intersect trivially, 

and each o-translate of W has the same dimension. By Lagrange’s theorem, [G : 
- 14 

A) = iA: 

Exercises 9.31 and 9.32 The standard embedding of $2 in 53 acts trivially on the 

subspace < z >> of P}, and trivially on the subspace < xy > of P,1,0). 


Exercise 9.33 The set {o.(x — y) | o € S3/Sp} is not linearly independent, so you 
will need to reduce the span of this set to obtain a basis for W. 

This is not the induced representation because the sum is not the direct sum of 
the one-dimensional spaces o.(x — y). 


Exercise 9.35 Following Sect. 8.5, we use the Young symmetrizer corresponding 
to 


Pam 


to obtain Ey.vj = —v2 + v3 := wy. Now (1, 2, 3).wy = —v, — V3 := W2 which 
is not in the span of w;, so {w ,, W2} spans a copy of W3 in Ind A2. It follows that 
Ind Ap ~ A3 6 W3. 


Exercise 9.39 Let H = {h,,..., hx}, and let {g,,..., ge} be a cross-section of 
G/H. Our goal is to show that 


£ 
CIG] = @ aiCtAl. 
i=l 


Since G is the disjoint union of its H-cosets, it follows that G = {g;h;} for 
i=1...¢,and j = 1...k. Hence the right-hand side spans C[G]. 

To show that the sum is direct, note that the set {ghy,..., ghx} is a basis for 
g.C[H], the set {g’hy,..., g’hx} is a basis for g’.C[H], and these two sets are 
disjoint whenever gH 4 g’H, in which case g.C[H]( | g’.C[H] = {0}. We could 
also just add up the dimensions. 


Exercise 9.43 To decompose these coset representations using characters, we make 
a character table as in Sect. 7.2. Across the top is a representative from each 
conjugacy class, and the number in brackets is the number of elements in each such 
class. 
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C[S4/A4]. We have S4/Ag = {Aa, (1,2).A4}, and since the action of S4 
permutes these cosets, the character of this representation is the number of cosets 
fixed by each conjugacy class. Since the even permutations fix both cosets, and the 
odd permutations fix neither, we have the following character table. 


[1] [6] [8] [6] [3] 
S4 (1) G, 2) C, 2, 3) C1, 2, 3,4) C1, 2)3, 4) 


C[S4/A4]] 2 0 2 0 2 


It should be clear that there is at least one copy of the trivial representation (spanned 
by the orbit sum), and using property (1) from Proposition 7.4 allows us to compute 
the character of the one-dimensional complimentary subspace, and whose character 
reveals it to be the alternating representation. 


[1] [6] [8] [6] [3] 


Sa (1) (1, 2) (1, 2, 3) (1, 2, 3, 4) (1, 2)(3, 4) 
C[S4/A4] |2 0 2 0 2 
42V% |1 #1 1 1 1 

Ay = VGdiD) y  -4 1 -1 1 


We can write out these subspaces explicitly; {Aq + (1, 2).Aq} spans the trivial 
representation, and {Aq — (1, 2).A4} spans the alternating representation. 
C[S4/D4].There are lots of ways to designate the cosets of S4/D4. One simple 
way is to use 2-cycles; S4/D4 = {D4, (1, 2).Da4, (2,3).D4}. To determine which 
cosets are fixed by S4, you can either write out the cosets, or use property (5) from 
Proposition 9.14 and the fact that conjugation preserves cycle classes. For example, 


C, 2, 3).[C, 2).D4] #4 (1, 2).D4, because (1, 2), 2, 3), 2)] = (1, 3, 2) ¢ D4 


since D4 contains no 3-cycles. Subtracting off the trivial character yields the 
character for the complimentary 2-dimensional subspace, which is irreducible by 
Exercise 7.19, part (3). If you jump ahead to Corollary 11.21 you’ll see that there is 
only one two-dimensional irreducible representation of $4, labeled by the partition 
(2, 2). 


[1] [6] [8] [6] [3] 
S4 (1) d, 2) C, 2, 3) CG, 2,3,4) dd, 2)3, 4) 


As before, {D4 + (1, 2).D4 + (2, 3).D4} spans the trivial representation, and the set 
{D4 — (1, 2).D4, Dg — (2, 3).D4} spans the complementary subspace. 
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C[S4/S3]. Using 2-cycles as a transversal for S4/S3 makes the computations 
easier; 


S4/S3 = {S3, (1, 4).S3, (2, 4).53, (3, 4).53}. 


Note that the number of cosets fixed by $4 in S4/5S3 is the same as the number of 
monomials fixed by S4 in P(x, y, z, w). Subtracting off the trivial character yields 
the character of a 3-dimensional complementary subspace, which is irreducible by 
Exercise 7.19, (and equivalent to V°:!), although at this point it’s not obvious why). 
The trivial representation is spanned by the orbit sum 


{S3 + (1, 4).S3 + (2, 4).S3 + (3, 4).S3}, 


and the set {S3 — (1, 4).S3, S3 — (2, 4).S3, S3 — (3, 4).S3} spans the complemen- 
tary subspace. 


[1] [6] [8] [6] [3] 
S4 (1) C, 2) Cd, 2, 3) C1, 2, 3,4) d, 2)3, 4 


C[S4/K4]. Since the non-trivial elements of K4 don’t lie in $3, we can take the 
elements of S3 as a transversal; 


S4/K4 = {K4, (1, 2).Kq, (1, 3).K4, (2,3).K4, (1, 2, 3).K4, (1, 3, 2). Ka}. 


Taking inner products of characters yields the following character table. 


[1] [6] [8] [6] [3] 


Sa (1) (1, 2) (1, 2, 3) (1, 2, 3, 4) (1, 2)(3, 4) 
C[S4/K4] |6 0 0 0 6 
ThzvM |1 1 1 1 1 

Ag = vGtiD) 7-4 1 =| 1 

v2.2) 2 O -1 0 2 
v2.2) 2 O -1 0 2 


C[S4/R4]. You should have the procedure figured out by now. Inner products 
of characters shows that the trivial and (2,2) representations each appear with 
multiplicity one. Subtracting these from the permutation character of C[S4/Ra4] 
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yields a new irreducible character, that of v1.) We'll leave the reader to decide 
whether or not to work out explicit bases for the representations. 


[1] [6] [8] [6] [3] 
S4 (1) CG, 2) C1, 2, 3) C1, 2, 3,4) dd, 2)3,4 


C[S4/R4]| 6 0 0 2 2 
Th=v]1 1 1 1 1 
v@22) 12 0 =| 0 2 
Vet 1s ai 0 1 =i 
C[S4/A3]. 
[1] [6] [8] [6] [3] 
S4 (1) (1, 2) (1, 2, 3) (1, 2, 3, 4) (1, 2)(3, 4) 
C[S4/A3] |8 0 2 0 0 
Tyh=zvM |1 1 1 1 1 
Ape Veet 24 1 -1 1 
Weve) 13 1 0 =| = 
y@Lp 3-1 0 1 | 


Observe that along the way we have produced a complete character table for the 
irreducible representations of S4. 
Character table for Sy4. 


[1] [6] [8] [6] [3] 
S4 (1) G, 2) C, 2, 3) C1, 2, 3,4) C, 2), 4) 


Remark 9.69 For the record, also note that the xye1) = Xye1.yXAy. This is true 
generally; if 4’ is the partition conjugate to A (Sect. 8.1), then xy." = xyax.A,- The 
usual proof involves tensor products. 


Exercise 9.46 We will demonstrate a few computations for Inds; Az. Choose 


{o1, 02, 03} = {(1), (1, 3), 2, 3)} 
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as our transversal for $3/S2. Then if g = (1, 2, 3) for example, we have; 


o; 'go, = (1)(1, 2, 3)(1) = U1, 2,3) ¢ H, soo, ‘go; = 0. 

oy !go, = (1,3)0, 2, 3)(1) = (1,2) € H, soo;! go; = (1,2) =-1. 
03 'go, = (2,3)(1,2,3)(1) = (1,3) ¢ H, soo; ‘go, =0. 

03 !gor = (2, 3)(1, 2, 3)(1, 2) = (1) € A, soos! go, = () = 1 

o; !go3 = (1)(1, 2, 3)(2, 3) = (1,2) € H, soo; !go3 = (1, 2) =-1. 


Thus, 


Since Inds! Az = A3 ® W3 by Exercise 9.35, and referring to the character table in 
Sect. 7.1, we have Xtnd.4, (1, 2, 3) = x.4,(1, 2, 3) + xw, C1, 2,3) =14+—-1=0. 


Exercise 9.49 Our goal is to show that the map @ is independent of the choice of a 
transversal for G/H. So suppose that { gilt , is another transversal of G/H. Then 


V = 01.Wy +++ + OK.We = 81.Wy + +++ + 8%.W,, forsome wi, w; € W. 


Now if g; € o;H, then g; = o;h; for some h; € H. Also, o7.wi = gi -W; — 
o;h;.w;,, and so (of course) wi = h;.Wj. 
Then, 


P(V) = G(o1.W1 +++: + 0K.Wk) 
= 01.0(W1) + +++ + 04.9(Wk) (definition of @) 
= 01.p(hy.wy) +--+ + o%.9(hK.W;,) (since wi = h;w;) 
= ohy.e(w,) + +--+ o¢hx.e(w,) (since g is H-linear) 
= 1.9(W4) +--+ + gk-0(Wy) 
= P(g1-W, fee et &k-Wy,)- 
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Exercise 9.56 The map fy € F since, for h € H and x € G, we have: 
ho [x—|.w] = (xh)~|.w ifx eH; 


ifx ¢ H; 
= fw(xh). sinceexhe HS x € H. 


Ae = 


Note: For some the following hints, we will only record the steps where the outcome 
is non-zero since otherwise the computations are trivial. 


Exercise 9.57 The map W is clearly linear since, for x € H and wi, w2 € W, we 
have 


[W (wi + wo) = fw) two) 
= x7! (wi + wo) 
=x! wy + x7! wo 
= fw (X) + fr) 
= [W(wi)]@) + [Y (wa) @) 
= [W(w1) + Y (wo) 1). 


Similarly, Y (rw) = rW(w) for any scalar r. 
Now let h € H andwe W. Then, for x € H we have 


[h.W (w)](x) = [h. fw]() (since the action of H is on F) 
fiw) (the action of H < Gon fy € F) 
= (h-!x)~!.w (definition of fy) 

= (x—!h).w 

= (x!) [hw] 

= Shaw(x) 

= [W(h.w)](x). 


Thus h.U(w) = W(h.w), so W is an H- linear map. We have again used the fact 
that, ifh e H,thenxhe HSxe dH. 


Exercise 9.58 Let wi, W2 € W. Then 


Ww) = Y(w2) < fw, (2) = frg(x) for allx eG 
© x7lw, =x7!.w. forall x eH <G 
&wi=wW2. (from the definition of group action) 


Therefore W is an H-linear isomorphism from W onto its image WoF , So W and 
W are equivalent as representations of H. 
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Exercise 9.60 The proof is basically the same as Exercise 9.56, but with more 
bookkeeping. 
Let ho € H, and let x € G. Then 


2 iG ae .w), if x = gh forsomeh € H; 
ho ' few(x) = : iz 
if x ¢ gH. 
7 i '\w, ifx = gh for someh € H; 
ifx ¢ gH. 
re lw, ifxho= g(hho) for some h € H, 
= (since x = gh > xho = ghho); 
ifx ¢ gH, 


= an and hence fg.w € F. 


Exercise 9.61 Leto, x, g € G. Then 


lo. fo, wl(x) = fewle *X) (the action of o on F) 
_ h—|w, ifo-'x = gh for someh € H; 
7 ifo-'x ¢ gH. 
_ h-lw, ifx= ogh forsomeh € H; 
7 if x ZogH. 
_ fog.w(x). 


Exercise 9.62 Let f € ¥. Then for any x € G, 


f(x) = f(oh) (for some o € G and someh € H, since G/H partitions G) 
=h—'[ f(c)] (since f € F and f(c) € W) 
=h-!.w (where w = f(c)) 
= fo,w(x) (since x = oh, and by the definition of fo,w(x)). 


Exercise 9.64 The fact that ® is linear follows from the definition of addition and 
scalar multiplication of functions. Let e be the identity in G, let f\, fo € F, and let 
r be ascalar. Then 


O(fit fo) =lAt+hl© = file)t+ fre) = O(fi)+ (fa), and [r®](f) =rfle) = Of). 
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Now let h € H. Then for every f € F we have 


h.[®(f)] = h.[f(e)] (since the action of H is on W) 
= f(eh—!) (since f isin F) 
= f(h'e) 
= [h.f](e) (the action of G on F) 
= O(h.f). 


Whence ® is H-linear. 
Exercise 9.65 For any w € W we have 


Do W(w) = O( fw) 
= fwle) 
= e.w 
=w. 


Similarly, for any f € W and any x € H we have 


[Yo O(f)](x) = [Y(F(e))]@) 


= fre) 

=x! fie) (definition of fy (x)) 

= f(ex) (since f € F andx € H) 
= f(x). 


Exercise 9.67 Let’s start by thinking about what the notation means. Since ® € 
Homg(U, Ind W) = Homg(U, F), we have that ®(u) € F, so the notation d(u) = 
[®(u)](e) means to evaluate the function ®(u) : G > W ate € G. It is routine to 
check that @ and © are linear, and that the image of ¢ lies in W. 

In what follows it is useful to use explicit notation for the representations (zr, U) 
of G and (9, W) of H. Denote by p® the induced action of G on F. Using this 
notation, 


F={f:G—> W|pth')f (x) = fixh), he H, x € Gh. 
Also, we have 

¢@ € Homy(ResU, W) means that $(2(h)u) = p(h)o(u), 
and 


® ¢ Homg(U,IndW) means that ®(7(g)u) = p° (h)®(u). 
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First, we check that [®(u)] actually lies in F. For x ¢ Gandh € H; 


[D(u)](xh) = o(a[xh]~!u) (definition of ®) 
= o(a[h7"|x[x~"Ju)) 
— p(h—!)o (x[x~!]u) (because ¢ intertwines z and ¢) 
= p(h!)[®(u)](x). Hence ®(u) € F. 


To show that ® is a G-map, let x, g € G. Then; 


[o%(g)P(u)](x) = [®(u)](g7!x) (the action of p% on ®(u) € F) 
= o(a[g~!x]~!u) (definition of ©) 
= o(a[x | g]w) 
= o(a[x~']n[g]u) 
= [P(7(g)u)](x). (definition of ®) 


To show that ¢@ is an H-map; 


d(a(h)u) = [P(r (h)u)](e) (definition of ¢) 

[e° (h) ®(u) ](e) (since ® intertwines z and ¢ 
[®(u)](h-'e) (the action of p% on F) 
[®(u) (eh!) 
= p(h)[®(™)](e) (since ®(u) € F and [®(u)](e) € W) 
= p(h)d(u)). (definition of ¢) 


G) 


Furthermore, these processes are inverses of each other. When we successively 
apply the definitions, we have that the composition @¢ > ® — ¢ is the identity 
on Homy (Res U, W), and the composition @ > ¢@ — ® is the identity on 
Homg(U, Ind W). To wit; 


b(u) = [®(u)](e) = o(ale' Iu) = ow), 
and 


[D(u)](x) = o[x (xu) (definition of ®) 
= [®(r(x~!)u)](e) (definition of ) 


= [0° (x!) @(u)](e) (since ®: U + F is a G-map) 
= [(u)] (xe) (the action of p% on F) 
= [®()] (x). 


Since the assignments ¢ — ® and ® — ¢ are linear (you should check this), 
it follows that Homy (Res U, W) and Homg(U, Ind W) are isomorphic as vector 
spaces. 


® 


Check for 


Direct Products of Groups, Young Subgroups 7 0) 
and Permutation Modules 


In this chapter we produce new representations of S, induced from trivial rep- 
resentations of a special class of subgroups of S, called Young subgroups. Not 
surprisingly, we will first need to discuss more group theory. 


10.1. Direct Products of Groups 


Similar to the direct sum of vector spaces (Sect. 2.4), we have the direct product of 
groups and subgroups. 


Definition 10.1 A group G is the (internal) direct product of its subgroups H and 
K if: 


(1) Every g € Gcan be written as g = hk forsomeh € H andk € K. 
(2) Every element of H commutes with every element of K. 
(3) The subgroups H and K intersect trivially, that is, HM K = {e}. 


In this case, we write G = H x K. 


We can also form the external direct product of two groups H and K by defining 
Hx K = {(h,k) | h € H,k © K}, and where the group operation is component- 
wise: (h,k) x (h',k’) = (hh’, kk’). Here the identity in H x K is the element 
(eH, ex), and we embed H (say) as asubgroup of Hx K as H = {(h,ex)|h€ H}. 


Exercise* 10.2 Show that the two definitions of H x K are equivalent. Since the 
distinction is often immaterial or clear from the context, we will usually drop the 
designation “internal” or “external.” 


© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022 153 
R. M. Howe, An Invitation to Representation Theory, SUMS Readings, 
https://doi.org/10.1007/978-3-030-98025-2_10 


154 10 Direct Products of Groups, Young Subgroups and Permutation Modules 


Exercise* 10.3 Extend this definition to the direct product of a finite number of 
groups or subgroups, written fhe Gj := G, x G2 x --- x Gx. Hint: Sect. 2.4. 


Exercise* 10.4 Let G = H x K. Show that ghg™! € H for all h € H and all 
geG. 


Remark 10.5 A subgroup H of a group G with the property that ghg~! € H for 
allh ¢€ H and all g ¢€ G is called a normal subgroup, and property (2) in the 
definition is often replaced with the (weaker) condition that both H and K are 
normal subgroups. Normal subgroups are an important topic in the study of groups, 
but they are not essential for our purposes. 


Exercise* 10.6 Where is property (2) required in the definition? What about the 
weaker property that H and K are normal? 


Example 10.7 Let (C*, x) be the group of non-zero complex numbers under 
multiplication. Let S' denote the subgroup {a + bi | a* + b? = 1}, and let Rt 
denote the subgroup of positive real numbers. Since every complex number z can 
be written in polar form as z = r(cos@ + i sin@), we have (C*, x) = R* x S!. 


Example 10.8 The direct product of symmetric the groups S, x Sj, embeds as a 
subgroup of S,4m in the obvious way, with S, acting on the first n integers and S,, 
acting on the last m integers. 


Non-Example 10.9 The symmetric group 53 is not the direct product of its sub- 
groups Sz = {(1), (1, 2)} and A3 = {(1), (1, 2, 3), (1, 3, 2)}. 


Exercise 10.10 Show that the factorization g = hk, forh € H andk € K asin 
Definition 10.1 (1), is unique. Hint: Exercise 2.15. 


Exercise* 10.11 Prove the converse to Exercise 10.10; if every g €¢ H x K hasa 
unique factorization as g = hk forsomeh € H andsomek € K,then HK = {e}. 


Exercise* 10.12 If H and K are finite groups, what is the order of G = H x K? 
Extend this result to the direct product of a finite number of groups. 


Exercise* 10.13 Show that if H and K are groups, then H x K and K x H are 
isomorphic as groups. 


Exercise 10.14 Show that if H and K are both Abelian groups, then H x K is 
Abelian. Show that if either H or K is non-Abelian, then H x K is non-Abelian. 
Extend this result to a product of finitely-many groups. 


Exercise* 10.15 Which of the properties of Definition 10.1 does the group S3 from 
Non-Example 10.9 satisfy, and which properties fail? 
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10.2. Young Subgroups and Permutation Modules 


Consider one of the symmetric groups such as S}2 acting on the set {1, 2,3, ..., 12}. 
It should be clear that those elements of S}2 that permute only the numbers (say) 
{3,5, 8} constitute a subgroup of Sj2 that is isomorphic to $3, and similarly the 
subgroup that permutes only the numbers {1, 2,9, 11} is isomorphic to S4. We 
denote these subgroups by $;3,5,3} and S;1,2,9,11) respectively. It should take just a 
minute to check that these two subgroups intersect trivially and commute with each 
other, and therefore we can form their direct product S13,5,3} « S,1,2,9,11}, Which is 
itself a subgroup of S}2 that is isomorphic to $3 x S4. 
More generally, define n := {1, 2,3, ...,}, and consider the composition 


A= (Aq, A2,..., Ak) En. 


A dissection of n is a set-partition of n into mutually disjoint subsets n’, with 
n*| = i;. The Young subgroup of S, corresponding to the composition A, or more 
explicitly the Young subgroup corresponding to the dissection {nj}, ns, ee ny}, is 
the direct product 


Sw X Sys Xo X Sp. 


By the above remarks, this is isomorphic to the subgroup S), := S,, x S,, X +++ x 
S,,, and by Exercise 10.13 we can change the order of the subgroups in this direct 
product and assume that A is a partition of n. 

To continue the example, the dissection 12 = {3,5, 8} U {1, 2,9, 11} U {4, 6} U 
{7, 10, 12} is indexed by the composition (3, 4, 2,3) F 12. The Young subgroup 
corresponding to this dissection is the direct product 


Equation 10.16 
S3,5,8}  Se1,2,9,11) X Sta,6} X S17,10,12) = 
S83 x S4 x S2 x S3 = Sq x $3 x $3 x So = S(4,3,3,2)- 
If wz and A are equivalent compositions of n, i.e., the same up to order, then S, 


and S, are isomorphic (in fact, they are conjugate) as subgroups of S,. Similar to 
Example 10.8, it is usually convenient to think of S), as 


SU2,cd1} X Stati art2.nditaop X00 X Strap tln—agt2,da}+ 


Example 10.17 The Young subgroup in Eq. 10.16 is isomorphic to the Young 
subgroup S,1,2,3,4) X S{5,6,7} X S¢s,9,10} X Sti1,12}- 
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Example 10.18 The group S2 is the Young subgroup S$,2,1) of $3, and the Young 
subgroup S(2,1,1) of Sq. 


Example 10.19 The entire group S;,, and the trivial subgroup {(1)}, are Young 
subgroups of S, corresponding to A = (n) and A = (1”) respectively. 


Example 10.20 Fora Young tableau T, the horizontal subgroup Hr and the vertical 
subgroup Vr from Sect. 8.3 are Young subgroups. 


Non-Example 10.21 For any n > 2, the alternating group A, is not a Young 
subgroup of S,, since no subsets of n are fixed by Ay. 


Exercise 10.22 For A = (Aq, A2,...,An) F n, define A! := Ay!Ao!...A,! Check 
that |S;,| = A!. Hint: Exercise 10.12. 


We next consider the action of S,, on the coset space C[S,,/S;], which we recog- 
nize from Sect. 9.5 as the representation of S, induced from the trivial representation 
of S,. Such a representation, i.e., induced from the trivial representation of a Young 
subgroup S), is an example of a Young permutation module. 


Definition 10.23 The representation of S, induced from the trivial representation 
of a Young subgroup S) is called a Young permutation module or just a permutation 
module, traditionally denoted M*. 


Remark 10.24 The classical construction of M* is on a different space. We are 
breaking with tradition somewhat by calling M* any representation induced from 
the trivial representation of a Young subgroup S,, although the notation can vary 
widely in the literature. See Remark 10.37. 


Remark 10.25 Do not confuse Young permutation modules with permutation rep- 
resentations, as in Remark 1.25. The terminology is another unfortunate historical 
artifact. 


Exercise* 10.26 Show that the dimension of C[S,/5S,] = n!/A!. 


Example 10.27 The permutation module M“ is induced from the trivial represen- 
tation of S,, and therefore is itself the trivial representation of S,. The permutation 
module M!") is induced from the trivial representation of the trivial subgroup, and 
therefore is equivalent to the left regular representation of S, on C[ Sy]. 


We will explore several ways to realize Young permutation modules. Here is one 
that we are already familiar with. 
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Exercise 10.28 Write down the Young subgroups for $3. Show that P1,0,0)(%, y, Z), 
Pa.i,oy(*, y, z) and Pi2,1,9)(x, y, z) are permutation modules for $3. Hint: What 
monomials are fixed by which Young subgroups? 


Exercise 10.29 Choose some Young subgroups of S, forn > 4. Which monomials 
in P(x1,x2,...,Xn) are fixed by these subgroups? What are the corresponding 
permutation modules? 


Exercise 10.30 For a = (a1, @2,..., Qn) / k show that Py (x1, x2,...,Xn) C Pr 
is a permutation module for S,,. What is the corresponding Young subgroup? 


We saw above that P(1,0,0)(x, y, z) and P1,1,0)(x, y, z) are both equivalent to 
M219) ag representations of $3 since the Young subgroup Sz = S(2,1,0) acts 
trivially on the one-dimensional subspaces spanned by the the monomials z and 
xy respectively. 

Similarly, the $3-invariant subspaces P(2,2,0)(x, y, z) and P3.1,1)(x, y, Zz) are 
both equivalent to M (2,1,9) since S(2,1,0) fixes the monomial x’y?, and also fixes 
the monomial xyz?. 

After working through a few more examples and referring back to Sect. 2.3, we 
see that what is important is not the type of the monomials in the subspace Py but 
their signature, as in Remark 2.12. The truth of the following proposition is pretty 
clear. The hard part is to work out the notation in order to write down a coherent 
proof. You should give it a try. 


Proposition 10.31 Jf the polynomial subspace Py has signature 4, then both 
Pa and C[S,/S),] are equivalent to M* as representations of Sp, since induced 
representations are unique up to equivalence by Proposition 9.53. 


Example 10.32 The polynomial space P(3,1,1,0)(z, y, Z, w) has signature (2, 1, 1), 
and thus is equivalent to M:!-) as a representation of 54. 


Note that permutation modules are, in general, not irreducible. The technique for 
decomposing permutation modules into irreducibles is discussed in Chap. 12. 


10.3 Decomposition of Polynomial Spaces 
into Permutation Modules 


Our eventual goal is to decompose polynomial spaces into irreducible represen- 
tations of S,, but we haven’t yet developed all of the required tools. As a first 
step towards this goal, we show how to decompose polynomial spaces into Young 
permutation modules. 

Let S, act on Px, the homogeneous polynomials of degree k. Let a = 
(@1,02,...,Q@,) F k of length n, and let A = (Aj, A2,...,An) / n. Then the 
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number of invariant subspaces Py in Px that are equivalent to the permutation 
module M* is equal to the number of partitions a + k with signature 4 n. 

For example, with k = 4 and n = 3, the partitions of 4 with length 3 
are (4, 0,0), (3, 1,0), (2, 2,0), and (2, 1, 1). Consequently, P¢4,0,0), P(2,1,1), and 
P(2,2,0) are the $3-invariant subspaces of P4(x, y, z) equivalent to M (2,1,0). and 
P3.1,0) is the S3-invariant subspace equivalent to M“':!-!). It follows that 


Pa(x, y, 2) = Pr4,0,0) ® PG,1,0) ® Pe2,2,0) ® Patty = 3M? @ MOLD, 


Note that we require a to have length n, adding trailing zeros as needed. 
A more visual way to determine this decomposition is to count the number of 
ways to fill the Young diagram A with non-negative integer entries from a@ so that: 


e the entries in each row are equal (since the variables commute), 
e the entries in separate rows are all distinct, and 
e the sum of all entries is equal to k. 


For example, the tableaux below depict the three ways to fill the diagram A = 
(2, 1,0) fork = 4. 


oye) ae 
a 


We will see a similar method of counting when we discuss Kostka numbers in 
Chap. 12. 


i 


Exercise* 10.33 Decompose the polynomial space P7(x, y, z, w) into permutation 
modules of S4. 


10.4 More Permutation Modules: Tabloids and Polytabloids 


We have seen that the coset space C[S, /S;,], and a polynomial space Py (x1, ..-, Xn) 
where a has signature 4, are both induced from a trivial representation of the Young 
subgroup S,, and are therefore equivalent to a Young permutation module M* as 
representations of S,,. In this section we demonstrate yet another way to construct 
such a representation that has theoretical and computational applications. We 
will also demonstrate S,,-maps between these various incarnations of permutation 
modules. 

A Young tabloid is an equivalence class of Young tableaux, two tableaux being 
equivalent if their rows contain the same entries. To articulate this fact, the diagram 
for a tabloid is written without the vertical lines, and we denote by {T} the tabloid 
consisting of all tableaux that are equivalent to the tableau T. A standard Young 
tabloid, or just a standard tabloid, is a tabloid equivalent to a standard Young 
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tableau. We will see that tabloids are a convenient way to visualize and keep track 
of Young subgroups and their cosets, as well as a convenient way to keep track of 
monomials. 


Example 10.34 Here are some equivalent tableaux labeled by the tabloid on the 
right. 


1 2 3 
T =3 ={T 
Gi Ser 
8 


The symmetric group S, acts on Young tableaux, and hence on Young tabloids, 
by permuting the entries in the obvious way, i.e., o.{T} = {o.T}. For example, 


1 2 3 4 2 3 2 
4 5 6 5 5 
(1, 4, 6).{7} = (1, 4, 6). a = = 


8 8 8 


We denote by 7 the set of tabloids with n entries, and by 7* (for A + n) the set 
of tabloids with shape 4. We then construct C[7 ], the vector space of polytabloids, 
in a familiar way; we declare that the distinct tabloids are basis vectors, and then 
take all linear combinations over C. We obtain a representation of S, on C[7] by 
linearly extending the action of S, on the basis vectors, and for each 4. + 1 we have 
the S,,-invariant subspace C[T“] of polytabloids with shape i. 

For example, if 


1 3 


1 2 2 3 (2,2) 
= + 2—— + 3 e C(t], 
3 4 1 4 2 4 
then 
(1,2,3) 2 3 ra 1 3 a 1 2 
,2,3).V= ——_. : 
1 4 2 4 3 4 


Exercise 10.35 Show that the action of S, on 7* is transitive. 


Now, observe in Example 10.34 that the Young subgroup $(3,2,2,1) acts trivially 
on the tabloid {7}. Also notice that we can obtain all possible tabloids with shape 
(3, 2, 2, 1) by permuting the entries of {T}. 
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Remark 10.36 Since polytabloids are vectors, we should be writing them in 
boldface, but the typesetting software doesn’t seem to support boldface tabloids. 


Remark 10.37 Regarding Remark 10.24, the notation C[7*] for the space of 
polytabloids is consistent with such commonly used notation as C[S,] for the 
group algebra, the notation C[G/H] for the coset space, and the notation C[7},.] 
used in Chap. 12. The notation can vary widely in the literature. For example, the 
reference [FH] uses the notation U) for any representation induced from the trivial 
representation of 5S). The reference [St] uses M) for the set of tabloids with shape 
i, and F(M,) for the vector space of polytabloids. Some authors use M* to denote 
the representation of 5; on the coset space C[S;/S)]. 


Exercise 10.38 Work through a few more examples and verify the following 
statements: 


(1) A Young subgroup S), acts trivially on some basis vector {T} € T*. 

(2) A basis for the vector space C[T*] consists of all translates of {T} by the cosets 
of S,. That is, C[7*] = ({o.{T} | oS, € Sn/Sy}). 

(3) The action of of S, on C[T*] depends only on the left coset of S,. i.e., if oS, = 
o’$,, then o.{T} = o' {T} 

(4) The dimension of C[7“] is equal to the dimension of C[S,/S,] = n!/Al. 


Conclude that the representation of S, on C[7*] is induced from the trivial 
representation of S;, and therefore C[T*] and the Young permutation module M ae 
are equivalent representations of S,,. 


Exercise* 10.39 Let {T} be a Young tabloid with shape A that is fixed by the Young 
subgroup S,. Show that the map S,/S, —> C[7“*] defined on the basis vectors by 
oS), +> o.{T} is a S,-isomorphism. 


We now have equivalent incarnations of the permutation module M*: as the 
coset space C[S,/S)], as the space Py of polynomials where a has signature A, 
and as the space of polytabloids C[7“]. Exercise 10.39 above exhibits an explicit 
G-isomorphism between C[S, /S),] and C[7*]. 

We can also construct an S,-isomorphism between C[7“] and the polynomial 
space Py when a has signature A (Remark 2.12, see also [P]). Consider the 
correspondence C[7“] — Py that takes each tabloid {7} to the monomial 


Equation 10.40 


n 
O(r 
mr =] [ x, 
r=1 
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where 0(r) = i — 1 ifr is in the ith row of {T}. For example, if 


1 2 3 
{T}= 4 5 , then Wy = Hi Ny hat hehe 
6 


It is routine to check that this correspondence is well defined, and intertwines the 
action of S, on 7* with the action of S, on P. As usual, we then extend the map to 
all of C[7*] by linearity. 

Furthermore, we can expand the construction of Eq. 10.40 in the following way. 
Note first that if jz has signature 4, then P,, and C[7*] have the same dimension, 
namely n!/A!. If w~ & & has signature 7 - n, then w = (aa bales par), Label 
the m rows of the diagram for the tabloid with shape A by 11, ..., (4m, and fill the 
rows of the tabloid {A} with the corresponding variables. This correspondence also 
intertwines the action of S,. 


Example 10.41 For P3,2,2,1)(*, y, Z, w) with signature 4, = (2, 1, 1, 0) the mono- 
mial x y?z7w corresponds to the labeled tabloid 


2ly z 
3} x 
liw 


Similarly for P(4,1,1,0)(x, y, Z, w), which also has signature A = (2, 1, 1,0), the 
monomial x*yz corresponds to 


lly z 
4|x 
O|w 


As amore general example, the tabloid 


corresponds to the monomial Hehe ti ONT: 
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10.5 Hints and Additional Comments 


Exercise 10.2 If every element in H commutes with every element in K, then 
the map from the external direct product to the internal direct product given by 
(h, k) +> hk is a group isomorphism. 


Exercise 10.3 A group G is the direct product of its subgroups {G1,..., Gx} if 


(1) The subgroups generate G. That is, G = G,G2---Gx := {g1g2--- gx | gi € 
Gj}. 
(2) Every element in G; commutes with every element in G; wheneveri 4 j. 


(3) (Tig; Gi) NG; = {e} for all j. 


Exercise 10.4 If h € H and g € G, then g = h,k, for some h; € H and some 
k, € K. Therefore, 


ghg”! = hykyhk,'hy! = hykik, 'hhy!| = hyhh{! € H. 


Exercise 10.6 ] For 4},h2 € H and kj,kz € K, we require that the product 
hy kyhzk2 lies in HK := {hk | h € H,k € K}. If every element in H commutes 
with every element of K, then hy kjhakz = hyhokiko © HK. 

If H and K are normal, then hkihok2 = hykiho(ky kiko = hi(kihok; ')kike. 
By normality, (kjhok;') = h3 forsome h3 € H. Thus, hykyhok2 = hyh3kik2 € 
HK. 


Exercise 10.11 If g ¢e HN K theng =h =k = he = ek forsomeh € H and 
some k € K. Since such a factorization is unique, h = k = e. 


Exercise 10.12 For each h € H there are |K| ways to form the pair g = hk. 
Since this portrayal of g is unique, it follows that |H x K| = |A||K|, and that 
Exercise 10.13 The map (h, k) > (k,h) is a group isomorphism from H x K to 
K x H. This generalizes to the direct product of any finite number of groups in any 


order. 


Exercise 10.15 Check that every element of Sz does not commute with every 
element of A3. The other two properties are satisfied. 


Exercise 10.26 By Exercises 9.30 and 10.22, Dim Inds" W =! DimW = %-1. 
Exercise 10.33 The possible signatures are 


(4,0,0,0), (3,1,0,0), (2,2,0,0), (2,1,1,0), and (1,1, 1, 1). 


10.5 Hints and Additional Comments 163 
Next, we list all of the possible types a + 7 with length 4: 


(7, 0, 0, 0) 
(6, 1, 0, 0) 
(5, 2, 0, 0) 
(5, 1, 1, 0) 
(4, 3, 0, 0) 
(4, 2, 1, 0) 
(4, 1,1, 1) 
(3, 3, 1, 0) 
(3, 2, 1, 1) 
(2,232.1): 


To illustrate the viewpoint at the end of Sect. 10.3, we work through the list of 
signatures. First, we see that there is no way to fill the diagram 


4.0.0.0=[T TT 


with the same entry in each box, and so that the entries sum to seven, so there are 
no copies of M4.9.0.9) jn Py, 


Next we see that 
fofo}o} 


are the only ways to fill the diagram for (3, 1, 0, 0) from the list, so P(7,0,0,0) and 
P(4,1,1,1) are the subspaces of P7 equivalent to M®@:1,0,0) 
Similarly, we see that there is no way to fill the diagram 


a20.0-[4 1. 


and only the following types can fill the diagram (2, 1, 1, 0) as prescribed: 


Ce 


Therefore P(6,1,0,0), P(5,2,0,0)> P(5,1,1,0)> P(4,3,0,0)> P(3,3,1,0) and P(3.2,1,1) are the 
subspaces of P7(x, y, Z, w) equivalent to M (2,1,1,0) ag representations of Sq. 
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Finally, we see that 


is the only way to fill the diagram for (1, 1, 1, 1). Summarizing, we have 
Pr(x, y,z, w) Z2MF109 @ 6Y2h1O @ YL, 


Exercise 10.39 Define @ : C[S,/S,] — C[7*] on the basis vectors T* by 
o(oS),) = o{T} and extend by linearity. 

The map ¢ is well defined on cosets. If o S, = o’ S,, then ote’ e 5S). Therefore 
o!o' {T} = {T} and so o.{T} = 0’ {T}. 

Now suppose $(0'S,) = $(o0S,). Then o’.{T} = o{T}, so that o~!o’ {T} = 
{T}, and therefore a lo’e S,. Consequently, o’S, = 0 S,, and hence ¢ is one-to- 
one. 

It is routine to check that ¢ is an S,-map that is onto C[7*] since S, acts 
transitively on the basis vectors 7%. 


| ® | 
| | 
Check for 
updates 


In this chapter we produce an irreducible representation S*, called a Specht module, 
that appears in each Young permutation module C[7*] with multiplicity one, and 
show that the collection {S* | 4 + n} is a complete set of pairwise inequivalent 
irreducible representations of S,. We demonstrate an explicit basis for S*, which 
we then use to obtain bases for irreducible representations in polynomial spaces. 


11.1. Construction of Specht Modules 


We start by designating a special class of polytabloids. Let T be a Young tableau. 
From Sect. 8.3, recall the vertical subgroup, 


Vr := {uv € S, | v setwise preserves each column of T}, 


and the column anti-symmetrizer, 


Vr = ‘i sgn(v)v € C[S,]. 


veVr 


Also recall from Exercise 8.14 that Vr is a relative idempotent. 


Definition 11.1 If T is a Young tableau with shape A, define the associated 
polytabloid by 


er := Vr {T} € C[T*]. 


A standard polytabloid is a polytabloid associated to a standard Young tableau. If 
{T’} is one of the basis tabloids in the sum for er, we say that {T’} appears in er. 


© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022 165 
R. M. Howe, An Invitation to Representation Theory, SUMS Readings, 
https://doi.org/10.1007/978-3-030-98025-2_11 


166 11 Specht Modules 


Example 11.2 For the tableau T = we have 


vr = (1) -d,4 -— 2,5) + d,4)(, 5), 


and 


Pre Oe a Spee bso: oe aS 
4 5 Ds 2 4 ieo 


Exercise 11.3. Confirm that that each tabloid appearing in any er has coefficient 


+1. 
Ti; = pu] 2]. and let 7) = BE 
3 


Observe that {7|} = {72}, but that e7, 4 e7,. Conclude that a polytabloid er 
depends on the tableau 7, and not just on the tabloid {T}. 


Exercise 11.4 Let 


Exercise 11.5 Write out more examples of associated and standard polytabloids. 
Exercise* 11.6 Show that if o € S,, then Vo.7 = oVro7!. 
Definition 11.7 For each A | n, define the Specht module 

S* := span of {er | T has shape A}. 
Exercise* 11.8 Show that foro € S,,0.er = @,7. Conclude that S* is a cyclic 
S,-module generated by er, where T is any tableau with shape i. In other words, 
for any tableau T with shape A, the Specht module S* = span of {o.e7 | o € Sp}. 
Also conclude that S* is a left-invariant C[S,,]-module. 
Exercise 11.9 Determine the Specht modules for S3 corresponding to 2 = (3), and 
A=(1,1, 1). 


11.2 Irreducibility of Specht Modules 


We start with an exercise that illustrates the lemma that follows. 
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Exercise* 11.10 Let T and Vr be as in Example 11.2. Compute V7.{7;} for the 
tabloids 


nmn-i35 pi-3 45 pat3 4. 
2 4 1 2 25 
%= 12 4 - Fee 12 4 5 
3 5 3 
Lemma 11.11 Let T and T’ be i-tableaux. Then either Vr.{T'} = er, or 
Vr {T'} =0. 


Proof The proof uses similar techniques as in the proof of Proposition 8.25. First, 
note that T’ = o.T for some o € S, since the action of S, on the set of A- 
tableaux is transitive (Exercise 10.35). By Proposition 8.27, there are only two cases 
to consider. 

Case 1: If o € VrHr, then we claim that Vr.{T’} = ter. 


Vr {T'} = Vr .{o.T} (since T’ = o.T) 
= Vr.{vh.T} (o = vh, forv € Vr andh € Hr) 
= Vrv.{h.T} (the action of S,, on tabloids) 
= Vrv.{T} (since {h.T} = {T}) 
= sgn(v) Vr .{T} (by Exercise 8.12) 
= mer. 


Case 2: If o ¢ Vr Hr, then there is a pair i, j appearing in both the same row of T’ 
and the same column of 7, and therefore the transposition (7, 7) € Vr NM Hr’. By 
Exercise 8.12, Vr (i, 7) = sgn(i, j) Vr = —Vr. Hence, 


vr {T"} = Vrii, j).{T’} (since (i, j) € Hr’, so (i, j).{T'} = {T’}) 
= —r{T'}, 


and so Vr.{T’} = 0. 
Oo 


Corollary 11.12 Jf T is a i-tableau, if T' is X’-tableau, and if ’ > i in the 
lexicographic order, then Vr {T'} = 0. 


Proof As in the proof of Proposition 8.29, the hypothesis 4’ > A guarantees that 
there is a pair i, j that appear in the same row of T’ and the same column of 7. The 
proof then proceeds as in the proof of Lemma 11.11, Case 2. Oo 
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Lemma 11.13 Jf w is a non-zero element in S*, then Vr.w = cer for some 
constant c € C. 


Proof If w é€ S*, then w = a ci{T;} for some constants c;. Therefore, by 
Lemma 11.11, 


Vr. w=YVr. at = YciVr {Ti} — yo tcier =cer. 


i 


Proposition 11.14 The Specht modules S* are irreducible. 


Proof Let S* := span of {er | T has shape 4}, let W be a non-zero subrepresen- 
tation of S, contained in S*, and suppose that w is a non-zero element in W. Since 
W is invariant, Vr.w € W. By the previous lemma, Vr.w = cer € W, and thus 
er € W. Again, since W is invariant and by Exercise 11.8, g.er = €g.7 € W, and 
so S* C W. Therefore S* = W. o 


11.3 Inequivalence of Specht Modules 


In order to show that the Specht modules are pair-wise inequivalent, we show that 
if there is an S,-isomorphism between S* and S*, then A = 2’. 


Proposition 11.15 Let ¢: C[T*] > C[T*] be an Sy-map. If x! > dX in the 
lexicographic ordering, then S* € Ker @. 


Proof Let T be a standard Young tableau with shape A, so that er is a generator of 
S*. Now, for some scalars c;, $({T}) = ci{Tj} +--+ + ce{Z{} is a polytabloid in 
C[T*’]. Therefore, 


per) = @(Vr{T}) 
= vro({T}) 
= Vr(ei{Tj} +--+ ex{T%) 
= Vr{T]} +++: +ceVr{T 
=0 


since each Vz {T/} = 0 by Corollary 11.12. Oo 


Corollary 11.16 if ¢: C[T*] > C[T*] is an S-map, and if S* ¢ Ker@, then 
N<A, 
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Proposition 11.17 The Specht modules are pairwise inequivalent. Consequently, 
the collection 


{S* | AE n} 
is a complete set of inequivalent irreducible representations of Sn. 


Proof Let 4 and 2’ be partitions of n. Since no er is zero for any tableau T, the 
Specht modules are all nonzero. 

By Maschke’s Theorem, there are complementary submodules W and W’ so 
that C[7*] = S* @ W, and C[T*] = S* @ W’. Let P, be the projection from 
C[T*] onto S*, and let ix: be the inclusion of S*’ into C[T* ]. If S* and S*’ are 
equivalent, then there is a non-zero S,,-isomorphism 6: S* —> S*. Now consider 
the composition g: C[T*] > C[T*] given by! 


/ iy 


6: C1) 3 8 & s¥ & Cpr), 


Then ¢: C[T*] > C[T*'] is a non-zero S, -map that does not contain S* in its 
kernel. By Corollary 11.16, we have 4’ < i. By a similar argument, A < 4’, so 
A=, 

Since, by the results of Chaps. 7 and 8, all of the the inequivalent irreducible 
representations are in one-to-one correspondence with the integer partitions of n, 
we have a complete set of irreducible representations of S,,. Oo 


Exercise* 11.18 Use the alternative version of the Young symmetrizer, Ej, := 
VrHr in Remark 8.6, and the techniques from Sect. 8.5, to obtain another proof that 
the Specht modules are a complete set of inequivalent irreducible representations of 
Sn- 


Corollary 11.19 The Specht module S* € C[T*], and the module V* € C[Sp] 
from Definition 8.21, are equivalent irreducible representations of Sy. 
11.4 The Standard Basis for Specht Modules 


The goal of this section is to demonstrate the following theorem, which will be a 
consequence of Propositions 11.30 and 11.55. 


' The notation —» indicates a surjective (onto) mapping, and the notation <> indicates an injective 
(one-to-one) mapping. 
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Theorem 11.20 The set 

B* = {er | T is a standard Young tableau with shape i} 
is a basis for S*. 
Corollary 11.21 The dimension of the Specht module S* is the number of standard 
Young tableaux with shape i, which is often denoted in the literature by the symbol 
ie 
11.4.1 Linear Independence 


Here is a simple exercise that illustrates an important idea. 


7, =| |2| and r =| {3]. 


Show that the polytabloids e7, and e7, are linearly independent. 


Exercise 11.22 Let 


In order to prove that, in general, the set B* is linearly independent, we start by 
defining a total order on tabloids. 


Remark 11.23 Here and in what follows, the symbol < is used to denote several 
different orderings: on real numbers, partitions, tabloids, tableaux, and column- 
equivalent tableaux. It should be clear from the context which ordering we mean. 

There are several ways to order or partially order tableaux, tabloids, etc. Using a 
convenient ordering can considerably streamline a proof. 


Definition 11.24 Define a total order on the set of tabloids with shape 4 by saying 
that {7|} < {T>} if the largest entry in a different row of {T,} than {72} appears in a 
higher row of {71} than of {72} (see [JK], Section 7.2). 


For example, 


3 4 5 2 4 5 3 4 5 
CO Cand &SC i 
1 2 1 3 1 2 


Ble 


Exercise* 11.25 Order the standard tabloids with shape (3, 2). 


Exercise* 11.26 Show that the ordering of Definition 11.24 is, in fact, a total order. 
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Exercise 11.27 For the standard tableau 


r =|1|2]3| 


’ 


determine v.{T} for some v € Vr. Repeat this for several other choices of v, and 
for several other standard tableaux. 


The previous exercise illustrates the following lemma. 


Lemma 11.28 [fT is a standard Young tableau, and if v € Vr, with v & (1), then 
{v.T} < {T} in the ordering of Definition 11.24. 


Proof The largest entry in {T} moved by v is moved up, and it therefore appears in 
a higher row. oO 


Lemma 11.28 now yields the following. 


Proposition 11.29 Let T be a standard Young tableau. Then {T} is the maximum 
tabloid appearing in er. 


Proposition 11.30 The set B* of standard polytabloids with shape 2 is linearly 
independent. 


Proof We begin by ordering the standard Young tabloids with shape A, 
LT > Lig} eer ah, 
and consider the relation Si cjer, = O for some scalars cj. 
Now, for each standard tableau T; and each v € Vyz,, each of the tabloids {v7;} 


appearing in ez, have coefficient +1 (Exercise 11.3). Since all the standard tabloids 
are distinct, there is no way to cancel the maximum standard tabloid {T;} appearing 


with non-zero coefficient in the relation > cier, = 0, which forces cj = 0. 
Repeating this reasoning inductively, we conclude that all of the c; = 0, and hence 
the set B* is linearly independent. oO 


Exercise 11.31 You should work through more examples, say with A = (2, 2) or 
A = (3,2), and verify that the standard polytabloids are linearly independent. In 
particular, verify the assertion that there is no way to cancel the maximum tabloid 
appearing in each standard polytabloid. 
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11.4.2 Span 


We are left with the somewhat messier task of establishing that the standard 
polytabloids in C[7*] span S*. That is, if T is a Young tableau with associated 
polytabloid ey, then ey can be written as a linear combination of standard 
polytabloids. We start with an exercise. 


Exercise* 11.32 Consider the standard Young tableaux 


T| = and 1)= Ea) 


For the non-standard tableaux 


“EE 


write the polytabloids e7, and e7, as a linear combination of the standard poly- 
tabloids e7, and e7,. 


Such an ad hoc approach won’t work in general, so we start by defining yet 
another order that refines the lexicographic order on partitions to obtain a total 
order on Young tableaux. We can then use a procedure referred to as a straightening 


algorithm and employ induction. 


Definition 11.33 If T is a Young tableau, then the column word of T consists of 
the entries of T read top-to-bottom and left-to-right. 


For example, the column word of 


is (1,4, 6, 8, 2,5, 7, 3). 


Definition 11.34 Define a total order on the set of all Young tableaux by saying 
that T’ > T if either: 


(1) the shape of 7’ is larger than the shape of T in the lexicographic order, or 

(2) the tableaux T’ and T have the same shape, and the largest entry that is in a 
different box in the two numberings occurs earlier in the column word of T’ 
than in the column word of T. 
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For example, 


because the largest entry that is in a different box is 7, which appears in 
the column word (3,6, 1,8,2,7,5,4) before it appears in the column word 
(1A 0,852, 957) 3)¢ 


Exercise* 11.35 Order the standard Young tableaux with shape (3, 2). It is helpful 
to first identify the largest entry that is in a different box. 


Exercise* 11.36 Verify that the ordering of Definition 1 1.34 is, in fact, a total order. 


Remark 11.37 There are other definitions of “column word,” as well as other ways 
to totally order or partially order tableaux and tabloids, that can prove useful in 
obtaining further results. The ordering in Definition 11.34 follows [P]. See also [Sa], 
Section 2.5, and [JK], Section 7.2. 


11.4.3 A Straightening Algorithm 


By using this procedure, we can write any polytabloid as a linear combination of 
polytabloids that are “smaller” in the ordering of Definition 11.33, then employ 
induction. 

First we will provide a few examples that illustrate the procedure, and then prove 
that it works in general. We’ve placed the computations for these examples in a table 
that the reader should refer to along the way. 

To start, we may assume that the entries of T are increasing down the columns 
since, if not, there is an element v € Vy such that the tableau S$ = v.T has increasing 
columns. But by Exercises 8.12 and 11.8, along with the definition ey := V7.{T}, 
we have thates = ey 7 = v.er = sgn(v)ez, so er is a linear combination of 
standard polytabloids whenever eg is. 


Definition 11.38 A row descent in a tableau T is a pair of entries in the same row i 
and adjacent columns j, j + 1 such that 7;,; > Tj, ;+1. A column descent is defined 
analogously. 
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Example 11.39 Consider the Young tableau 


T, = 


which has a descent 4 > 3 in the bottom row, and thus is not standard. Our goal is 
to write e7, as a linear combination of standard polytabloids using the straightening 
algorithm. 

We begin by locating the decent 4 > 3, taking all entries below and including 
the entry 4 and place them in a set A, and taking all entries above and including the 
entry 3 and place them in a set B. We next re-partition the disjoint union A & B into 
new subsets A’ and B’ so that 


© A’ WB’= AWB, 
* |A’| = |A| and |B"| = |B]. 


For each possible re-partition of A & B, we create a new tableau 7; by replacing A 
with A’ and B with B’ in T;, and in such a way that the entries are increasing down 
the columns. 


Now consider the subgroup Saug = S(2,3,4} of S4, its subgroup S4 x Sg = 
{(1)} x {C1), (2, 3)} = {(D, (2, 3)}, and the cosets 2’(S4 x Sg) in Sawp/(Sa Xx Sp): 


(Sa x Sp) = {(1), (2, 3)}, 
(2, 4)(Sa x Sz) = {(2, 4), 2,4) (2, 3)} = {@, 4), 2,3, 9}, 
(3,4)(Sa x Sz) = {3, 4), 3, (2, 3)} = {G, 4), (2, 4, 3)}. 


Check that each element z’ in any given coset has the property that A’ = 7’(A) 
and B’ = zx'(B), but that there is exactly one permutation zx in each coset that 
transforms T; into a new tableaux 7, = 2,7; in such a way that the columns of 7; 
are increasing. 
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In the table below we’ve recorded the permutations zr’, as well as the permuta- 
tions z, that transform 7; into these new tableaux 7; = 7,7). For this case the new 
tableaux T> and 73 are both standard. Verify that, since there is a unique way to 
order the sets A’ and B’ so that the resulting tableau 7; has increasing columns, the 
permutation zr in the rightmost column of each row in our table is unique. 


Exercise 11.40 Verify that both 72 < T; and 73 < T; in the ordering of 
Definition 11.34. 


Ae War, Far @iounh +d 


A =(1)/2, 3) = (1).7; 
/4 | 3 | 


| ee 


3 12, 4)x° = (3,4), (2,4,3 | 
pe ie 


Finally, we form the Garnir element g,_z using the permutations z;; 


A,B = >. sgn(arg) me = (1) + (2,3, 4) — G. 4), 
k 


and Proposition 11.50 (below) says that 

8A,B-eT, = eT, + er, — e7; = 0. 
Hence ey, = —e7, + 7, is a linear combination of standard polytabloids. 
Exercise* 11.41 Verify that g4,.e7, = 0 in the above example. 


Example 11.42 Here is a slightly more complicated example using the tableau 


ie | 
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and tabulating the manipulations as before. Note that 7; has a descent 2 > | starting 
in the first column. 


nee Bl = n'(B)|Te = m.T1 


i= mT 
pp — 


——S 
1, 2/4 |x’ = (1,4), C1, 4, 2) Ha = (1,4, 2).7% 


Exercise 11.43 Again, verify that both JT, < 7, and 73 < T; in the ordering of 
Definition 11.34. 


In this case we have 
ga,p = (1)—-C, 2) + (1,4, 2), and g4 p.e7, = e7, — e7, + er, = 0. (Check this). 
Thus e7, is a linear combination of polytabloids e7, and e7,. But 73 has a row 


descent 4 > 3 and thus is not standard, so we repeat the straightening algorithm 
with 73. 


Ap WarO For Oona sd 


Be 


Se 
rp 


For this step we have 


gap = (1) — (3,4) + G,5,4) and, ga.p.er, = e7, — er, + er, = 0, 


with e7, and ez, both standard polytabloids. Substituting, we obtain ey, = e7, — 
e7, + e7;, So that e7, is a linear combination of standard polytabloids. Again, note 
that both 74 < 73 and Ts < 73 in the ordering of Definition 11.34. 
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Exercise 11.44 Write out the cosets in S4yp/(S4 xX Sp) for the two tables in 
Example 11.42. Verify that e7, = er, — er, + e7;. 


Here is an exercise to check your comprehension. 


Exercise* 11.45 Consider the tableau with descent 5 > 4 in the second row, 


(1) What are the sets A and B? 

(2) What is the subgroup Sawe of Sg? What is |Sawe!? 

(3) What is the subgroup S4 x Sg of S4wp? Why is this, in fact, a subgroup? What 
is |S4 x Spl? 

(4) Write out a table similar to the above examples. In particular, determine the 
permutations z’ so that A’ = z’(A) and B’ = z‘(B). Also determine the 
permutation z; that transform the tableau 7; into a tableau 7, = 2,7; in such 
a way that 7; has increasing columns. 

(5) Write out the cosets S4ug/(S4 x Sp). Verify that the permutations z’ and zx 
in each row of the table are in the same coset, and that any permutation in the 
same coset will transform A to the same A’ and B to the same B’. 

(6) Verify that, for the new tableaux 7; thus obtained, 7; < T; using the ordering 
of Definition 11.34. 

(7) For each k, let 2, be the permutation for which 7, = 2,7) has increasing 
columns. Verify that the collection II = {7%} constitutes a transversal of 
Saws /(Sa x Sp). 

(8) What is the Garnir element for this example? Why do we want to form the 
Garnir element with the transversal II from (7), and not with some other 
transversal? 

(9) Which of the 7; are standard? Write the non-standard polytabloids as a linear 
combination of standard polytabloids. 

(10) Write e7, as a linear combination of standard polytabloids. 


Exercise* 11.46 How many ways are there to partition the set A W B into A’ & B’, 
with |A| = |A’| and |B| = |B’|? Hint: Binomial coefficients. What is the 
significance of this number? 


Exercise* 11.47 Write out a definition for the Garnir element. 


For what follows, it will be convenient to generalize the construction used for the 
column anti-symmetrizer V7. 
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Definition 11.48 Given any subset of K of S,, define the sum 


KU: > sen(k)k € C[S)]. 
keK 


With this notation we have Vr = V., , and the Garnir element g4,3 = II~. Note 
that K need not be a subgroup. 


Exercise* 11.49 This is a version of the Sign Lemma 2.4.1 of [Sa] that extends the 
results of Exercise 8.12. Let H be a subgroup of S, and prove the following: 


(1) Ifh € H, then 
hH =H h=sgn(h)H . 
(2) If the transposition (b, c) € H, then we can factor 
H” =s[{(1)—(,c)], forsomes € C[S,]. 

Hint: Let K be the subgroup {(1), (b, c)}, and write H as the disjoint union of 

it K -cosets. 
(3) If T is a Young tableau with b, c in the same row of T, and if the transposition 

(b,c) € H, then 

H {T}=0. 

Hint: By hypothesis, (b, c){T} = {7}, then use (2). 
(4) Generalize (2) above. If K is a subgroup of H, and if 1 = {7x} is a transversal 

of H/K,thenH” =] K™. 

We now have the tools to prove the general result. 

Proposition 11.50 Let T, A and B be as in the definition of a Garnir element. If 
|A & B| is greater than the length of column j of T, (the column whose entries 
include the elements of A) then ga.p.er = 0. 


Proof We present the proof as a series of exercises. 


Exercise* 11.51 Show that S,.,,e7 = 0. Hint: Use the pigeonhole principal and 
part (3) of Exercise 11.49 on each v.{T} appearing in er. 


Exercise* 11.52 Show that g4.2(Sa x Sg) er = 0. Hint: Write Saug as the 
disjoint union of (S,4 x Sg)-cosets, then use Exercise 11.49 (4) and Definition 11.48 
to factor S4.,,,- Now use the results of Exercise 11.51. 
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Exercise* 11.53 Show that (S4 x Sg) er = |S4 x Sgler. Hint: Note that S4 x 
Sp C Vr, then apply part (1) of Exercise 11.49 to each o € S,4 x Sz. 


Exercise* 11.54 Show that g4,zer = 0. Hint: String together the results of the 
previous exercises. 
oO 


Proposition 11.55 The set B* spans S”*. 


Proof Consider the polytabloid er. If T is standard we are finished, so suppose 
that T is not standard. By induction, we may assume that ez can be written as 
a linear combination of standard polytabloids whenever T’ < T in the ordering 
of Definition 11.34. Note that we are assuming nothing when there is no T’ with 
T’ < T, so there is no need to establish a base case for the induction. 

Since T is not standard, some adjacent pair of columns, say the jth and (j + 1)st, 
have entries a; < a2 < --- < a, andb; < bp <--- < bs, with ag > bg for some 
q. The situation for the jth and (j + 1)st columns of T looks like this: 


a\ by 
A A 
a2 bo 
A A 
A A 
dg > bg 
A A 
A 
bs 
A 
dy. 
SoA = {4g 4g41.°°° ,a,-}, B = {bj, bo, --- bg}, with by <b <-:-< bq < 


dg < +++ < a,. Since |A & B| = 1 + (the length of column j), Proposition 11.50 
applies, and ey can be written as a linear combination of the polytabloids ez, as in 
the above examples. 

Now, the largest entry in T moved by any zx € II will be from the set A in 
column j of T and placed in column j + | of 7, = 2;,T. Therefore it will appear 
later in the column word of 7; and thus 7; < T. By the induction hypothesis, each 
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of the e7, can be written as a linear combination of standard polytabloids, and thus 
er can be written as a linear combination of standard polytabloids, completing the 
proof. Oo 


We can now state a partial result towards our goal of decomposing Young 
permutation modules into S,,-irreducible subspaces. 


Proposition 11.56 


MY" = S* @@ KiS* 
A> 


The multiplicities K,,, are called Kostka numbers, and we will see a method for 
determining their value in Chap. 12. The Kostka numbers also appear in other 
related settings. 


Proof Ky, = 1 follows from Lemmas 11.11 and 11.13. By Proposition 11.15, 
Kip, = 0 fora < p. oO 


Example 11.57 By now these examples should be familiar. 
MONE P4458 SLLD G2 5219 g 5609 ~T QW A. 


M@1) = Py 9.9) = SO} @ S399 = WoT. 


11.5 Application to Polynomial Spaces 
Consider the polynomial space P(1,1,0,0)(X,y,Z,W) = (xy, xz,...,zw)). From 


Sect. 10.2 we recognize this as equivalent to the permutation module M??) = 
C[T°:»)] as a representation of Sy. The two standard Young tableaux with shape 


(2, 2) are 
“BLE 


with corresponding standard polytabloids 
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which is a basis for the Specht module S@:”) in the space of polytabloids C[T@]. 
Applying the assignment 10.40 from Sect. 10.4, we have 


pi =ZWw-—xw-—yz+xy, and po = yw-—xw-—xy+xz 
as basis polynomials for a copy of the Specht module S@ in P1,1,0,0)(X, y, Z, W) 
= M2), 
Generalizing this construction as in Example 10.41, and applying it to 

P(2,2,1,1) (M1, X2, X3, X4), we have 

2.2 22 22 22 
and 

2.2 2.2 2.2 2.2 

G2 = XyX4X1X3 — KX X4X2X3 — X4X3X1X4 + X 1 X3X2X4 


as basis polynomials for a copy of the Specht module S@2 in Po.21,1 
(x1, X2, X3, X4) & M2), 


Exercise 11.58 Find basis polynomials for irreducible representations in some 
other polynomial spaces. 


Remark* 11.59 When we apply Eq. 10.40 from Sect. 10.4 to a standard polytabloid 
er, the result is known as a Specht polynomial. The discussion following Eq. 10.40 
generalizes this construction to other polynomial spaces with the same signature. 
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Exercise 11.6 By Exercise 8.10, V5.7 = oVro~!, so 


Vo.t = Drev, p Sen(t)t 
= Domeve sgn(omo—!)ono— 
=o [exer sgn(z )z | oa! 
=oaVro"!. 


1 


Exercise 11.8 Using Exercise 11.6, and the fact that the action of S$, on the set of 
A-tableaux is transitive, 


eo. = Vo.r{o.T} = oVro | .{o.T} = o Vr f{o7'o.T} = o Vr {T} = oer. 
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Exercise 11.10 
vr{Ti}=—er, Vr{Tn}=er, Vr{T3}=0, Vr{T4}=0, Vr.{Ts5} = 0. 
Exercise 11.25 


5 5 


< < 


Mm] wo 
a 


1 2 3 
4.3 


WwW] 


1 3 1 2 1 3 
2 4 3 4 2.3 


Exercise 11.26 If {7|} 4 {7}, then there must be in entry in a different row of {71} 
than of {7>}, and so there must be a largest such entry. Hence either {7} < {72} or 
{T2} < {T}}. 


Exercise 11.18 Since h.{T} = {T} for all h € Hr, we have 
Ep {7} = VrHr {T} = Vr.|Ar|{T} = |Arler. 


By Theorem 8.22, distinct partitions of n produce Young symmetrizers that generate 
distinct inequivalent irreducible representations of Sp. 


Exercise 11.32 Note that 7; and 73 differ only by a column permutation, so ey, = 
—erz,. The polytabloid ey, = e7, — e7,. 


Exercise 11.35 


< < < < 


Exercise 11.36 If 7; 4 72 have the same shape, then there must be at least one 
entry in 7; that occupies a different position than it occupies in 7). There must be 
a largest such entry that consequently appears in a different position in the column 
word of 7; than of 7>. 


Exercise 11.41 This is mostly an exercise in working carefully. 


Exercise 11.45 As before, we’ve recorded most of the answers in a table. Note that 
when we are performing these manipulations with any Young tableau, the sets A 
and B are disjoint. Consequently $4 M Sg = (1), the cycles in S, are disjoint from 
those in Sg, and hence every element in S4 commutes with every element in Sz. 
Thus S4 x Sg satisfies Definition 10.1 for the direct product of groups, and therefore 
Sa x Sp isa subgroup of Saws. It follows that |S4 x Sg| = |Sa|x|Sp| = |A|!x|BI!, 
and |Sawp| = |AW Bl! = (JA| + |B)! 
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We list some of the cosets of (S4 x Sg) in Saws. 

m1(S4 x Sg) = (Sax Sp) = {(1),G, 6), (2, 4), 6,6), 4} 
mw2(S4 x Sp) = (2,5)(S4 x Sp) = {(,5), 2,5, 6), (2, 4,5), (2, 4, 5, 6)} 
m3(S4q X Sp) = (4,6,5)(S4 x Sp) = {(4, 6), (4, 6, 5), (2, 6, 4), (2, 6, 5, 4} 


etc. 


Ea es 


pee RF 
a 


m' = (4,6), (4, 6,5), (2, 6, 4), 
(2, 6, 5, 4) 


m' = (2, 5)(4, 6), (2, 6)(4, 5),... 


Note that T; > 7, for each k = 2,...,6, and that this would be the case no 
matter the choice of coset representative zr’. 

Recall that our goal is to write e7, as a linear combination of STANDARD 
polytabloids, so we want to choose as a transversal those permutations zr that result 
in each 7; = m.T, having increasing columns. Here is an example that gives a feel 
for what is happening. Consider the row containing 74 in the above table. If we just 
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applied the permutation z’ = (2, 6) to the initial tableau 


which has descents in the first and second columns. But if we first permute the 
columns by an element in S4 x Sz, 


and then apply the permutation z’ = (2, 6), we obtain the desired tableau Ty = 714T| 
with increasing columns. That is, 74 = (2, 6)(5, 6)(2, 4) € 2’(Sa x Sp). 
The Garnir element in this example is 


ga,B = 1) — 2,5) + 4, 6,5) — (2,4, 6,5) — (4,5) + 2,5)G, 6), 
and thus 
eT, = e7, —e7, + e7, + er, — eT. 


Note that we need to repeat the straightening algorithm with the non-standard 
tableaux 7), 74, and 76. We leave this to the reader. Better yet, since 72, T4, and T6 
are all less than 7), by induction we can assume that their associated polytabloids 
can be written as a linear combination of standard polytabloids. 


Exercise 11.46 Recall that the binomial coefficient G) a mom gives the number 
of ways to choose k unordered outcomes from n possibilities. 

Applying this to our case, the number of ways to repartion A & B into A’ & B’ is 
the number of ways to choose |A| elements from | AW B| possibilities. But |AW B| = 
|A| + |B], and therefore the number of ways to partition A & B into A’ & B’ 


_ AWB AWB! [Sau 
|A|!(JAW B)— JAP! JAP BI! [Sal] Sal 
= the index [Sawp : Sa x Spl. 


= |SawB/(Sa x Sp)| 


In other words, the number of ways to partition A Y B into A’ & B’ is the number of 
cosets of S4 x Sg in Sawp. 

Since for each coset 7(S4 x Sg) there is a unique zy such that the tableau 
Ty = 7,.T, has increasing columns, the collection IT = {z,;} is a transversal for 
SawsB/(Sa x Sg). 
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Exercise 11.47 Here is the most general definition: 

Let A and B be disjoint sets (usually of positive integers), and let S4, Sg, and 
Saws denote the group of permutations of the sets A, B, and A & B respectively. 
Choose a transversal {rx} of (S4 x Sp)/Sawp. Then a Garnir element for A and B 
is the sum 


8A.B= > SgN(IK Ik. 

Exercise 11.49 
(1) This is essentially the same as Exercise 8.12. 
(2) H=WhiK,so H~ = )isgn(hi)hil) — &, ¢)] = s[(Q) — (©, c)]. 
(3) Because (b, c){T} = {T} we have 

A {T}= s[(Q1) — ©, ce) {T} = s{{T} — {T}] = 9. 
Exercise 11.51 To show that S,,,er = 0, let v € Vr. By the hypothesis that 
|A & B| is greater than the length of column j along with the pigeonhole principal, 
there must be a pair a € A and b € B that lie in in the same row of v.T. Since the 
transposition (a, b) is an element in Saw, and by part (3) of Exercise 11.49, we 
have Si,,v.{T} = 0. Since this is true for each v.{T} appearing iner = V; .{T}, 


we have Siiy2.er = 0. 


Exercise 11.52 To show that g4.2(S4 x Sp) er = 0, we write Saws as the disjoint 
union of (S4 x Sg)-cosets, 


SawB = 4) (Sa x Sp), 


mel 
which, by Exercise 11.49 (4) and Definition 11.48, gives the factorization 
Sawp = MW (Sa x Sa)” = ga,p(Sa x Sp). 
Substituting this into the results of Exercise 11.51, we have 
ga,B(Sa X Sg) er = Sayp-er = 0. 
Exercise 11.53 Applying part (1) of Exercise 11.49 toeacho € S4 x Sg, we obtain 
sgn(o)o.er = sgn(o)o.Vp {T} = V7 {T} = Vr{T} = er, 
and therefore 


(Sa x Sg) .er = |Sa x Sgler. 
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Exercise 11.54 Stringing together the previous results, we obtain 

0 = Siayp-er = 8A,B(SA X SB) .er = 8a,B-1SA X Spler =|Sa x Spl 8A,B-er- 
Since |S4 x Sg| 4 0, we must have g4 per = 0 


Remark 11.59 Specht polynomials are defined as a product of Vandermonde 
polynomials (Exercise 5.11). Let T be a Young tableau, and denote by [T)], ..., [Tx] 


the columns of T. For example, if 
, [hr] -H and [73] [3], 
4 


Let A([7;]) be the Vandermonde polynomial subscripted by the entries in the 
jth column of T. In this example 


111 a 

A(ITi}) = Jx1 x5 x6], and A({72]) = ; 
x? x2 x2 ne 
16 


Finally, define the Specht polynomial 
A(T) = ACN NAC) ++: ACT). 


It is shown in [Sp] that the set {A(T) | T has shape A} spans an irreducible 
representation of S, equivalent to V* or S*, for which the set 


{A(T) | T is a standard Young tableau with shape A} 
is a basis. It is an interesting exercise to show that applying the assignment of 


Eq. 10.40 from Sect. 10.4 to a standard polytabloid ey gives the Specht polynomial 
A(T). See [HLV]. 


| ® | 
| | 
Check for 
updates 


We have seen several examples of how Young permutation modules, realized as 
polynomial spaces, decompose into irreducible representations of the symmetric 
group. For example, as representations of $3 we have 


Pa 0,0) ~ C[T 21%] ~ M?1:0) =TeWwe y3.0,0) a y 21,0). 
and 
Peo = CLT?) = MOY = TOE2AWOAS VOM DIVE BYOhD, 


In this chapter we start by demonstrating a general method for determining the 
multiplicity of the irreducible components in Young permutation modules known 
as Young’s rule. This involves extending some of the notions of Young tableaux, 
eventually constructing a basis for! Homc; sy(S*, C[T"]) = Home; s,\(S*, M"), 
who’s dimension gives the multiplicity of S* in C[7“] by Proposition 5.16. The 
discussion here is a mash-up (with a few modifications) of [Sa], Sections 2.8 and 
2.9, [JK], Section 8.1, and [J], Chapter 13. 

We then obtain an explicit basis for each of the irreducible components in 
polytabloid spaces and in polynomial spaces. 


12.1 Generalized and Semistandard Young Tableaux 


In this section we construct a new vector space that carries a representation of S,, 
and show that it is equivalent to a polytabloid space C[T“]. 


' A space equivalent to. 
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Definition 12.1 Let 4 / n. A generalized Young tableau is a Young diagram with 
shape 4, where the boxes are filled with numbers from {1,2,...,}, but where 
repetitions are allowed. A semistandard Young tableau is a generalized Young 
tableau where the entries are non-decreasing across the rows, and where the entries 
are strictly increasing down the columns. 


For example, the tableaux 


are, respectively, generalized and semistandard Young tableau with shape 
(3,3, 1, 1). 
There are extra-special ways to fill semistandard Young tableaux. 


Definition 12.2 Let X -F n, and let w = (1, M2,..., Me) - n. Then a 
semistandard Young tableau with shape A has content yw if there are jz; ones, [12 
twos, and so on. 


For example, the above tableaux with shape (3,3,1,1) have content (2, 2, 3, 0, 1) and 
(2, 3, 2, 1) respectively. 
Of special interest will be the case where both 4 and y are partitions of n. 


Definition 12.3 Let A and y be partitions of n. The Kotska numbers, Kj, are 
defined as the number of semistandard Young tableaux with shape 4 and content jy. 


For example, K@,3,1,1)3,2,1,1,)) = 3 since 


are the only semistandard ways to fill the diagram (3, 3, 1, 1) with 3 ones, 2 twos, | 
three, 1 four, and 1 five. 


Exercise 12.4 Determine the value of K,,, for assorted values of n, 4, and jw. 
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Exercise 12.5 Let 1 and y be partitions of n. Show that K(,),, = 1, that Ky, = 1, 
and that K,,, = 0 whenever pu > A. 


Remark 12.6 While there are other ways to characterize the Kotska numbers, there 
is no known explicit formula or algorithm for determining their value, and it is 
generally accepted that none exists. 


12.2 The Space C[7},,] and Its Equivalence to C[7“] 


Next we construct a vector space in a familiar way; let 4 and yu be partitions of n, 
and let 7,,, denote the set of generalized Young tableau with shape / and content jz. 
We declare these to be basis vectors, and then take all linear combinations over C. 
We denote this space by C[7,,,]. The goal in this section is to prove the following 
proposition. 


Proposition 12.7 The space C[T"] with the action described in Sect. 10.4, and the 
space Clay] with the action described below, are equivalent representations of Sp. 


Proof For clarity, in this chapter we will indicate a fixed Young tableau, that is, a 
tableau with content (1”), by a lowercase letter such as tf or s, and use its entries to 
index the positions of the boxes. For example, given a fixed tableau 


re ala al 


we label the (1, 2) entry with a 3, and the (2, 2) entry with a 4. We then create a 
generalized Young tableau T by placing an entry 7 (7) in the box labeled by i in 
t. For these first few examples we will write the entry, T (i), in large type, and the 
index, i, in small type to the lower-right. For example, with ¢ as above, and for 


we have T(1) = 2, T7(2) = 1, T() = 2, T(4) = 3, and T(5) = 1. 
Now let y and A be partitions of n, and let {S} be a Young tabloid with shape ju. 
We construct a tableau T € 7,, by defining 


T (i) := the number of the row in which the index i(from t) appears in {S}. 
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For example, if 4 = (2, 2, 1), and if 


jos, 
3 2 
5 


then 


[OBB 
Pali 


since the entries | and 4 both appear in the first row of {S}, the entries 2 and 3 both 
appear in the second row of {.$}, and the entry 5 appears in the third row of {S}. 


Exercise* 12.8 Work out a few examples, and convince yourself that: 


(1) The map ¢ is well defined on tabloids. 

(2) The shape of {5S} becomes the content of T. 

(3) The map ¢: T* — 7h, given by {S} +» T as above, is a bijection between the 
basis vectors of the respective vector spaces. Be sure and write out the inverse 
mapping since we will use it later. 

(4) Extending ¢ by linearity, conclude that C[7“] and C[7},,] are isomorphic as 
vector spaces. 


The question now becomes: how do we define an action of S, on C[7j,,] in such 
a way that ¢ is an S,-map? Since, for ¢({S}) = T, our goal is to have 


g(o{S}) = o [CSP] = 0.7, 
we require that 


[o.T](i) = the row number of i in o.{S} 
= the row number of o~!(i) in {5} 
= T(o~!i). 


Keep in mind that o € S,, acts on the entries of T by place permutation, that is, via 
the “index tableau” tf (compare with Exercise 1.97). For example, if 


r OPES, ten 0.3.5). =P PS 
Palr Palra 
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Said another way, 


aN 
(es) 
a 


o| 4.3.5). =¢ =|3[1[2] 
-) 1 
It follows that ¢ is an S,-map, which completes the proof. oO 


Exercise* 12.9 Here is a more enlightened way to obtain some of the results of 
this section. First check that S, acts transitively on Tip and that the stabilizer 
(Exercise 1.62) of any T € 7, is a Young subgroup of S,, that is isomorphic to S,,. 
Conclude that the action of S,, on C[7j,,] is equivalent to the induced representation 
M*, and thus C[7,,] = M* = C[7T*] are equivalent as representations of 
S,. A collateral result here is that the definition of M” does not require that 
By = e2>-:- =O. 


We will, however, have reason to make explicit use of the map ¢@ from 
Exercise 12.8. 


12.3. The Space Homc;s,)(S*, C[Tin]) 


In this section, we construct S,-intertwining maps from C[T*] to C[Tiy] using 
generalized Young tableaux. In a later section we will show that those maps 
corresponding to semistandard Young tableaux constitute a basis for 


Homcys,|(S"*, ClTil) = Homeys, \(S*, CIT“]) = Homers, )(S*, M"), 


and the dimension of the space Homcrs,}(S*, M“) gives the multiplicity of S* in 
M¥ (Proposition 5.16). 
For T € T,,, and {t} € T“, define 


Or: C[T*] > ClTiul = CIT], by ord) := D> S 
Se{T} 


on each basis vector {t} € 7*, and then extend by linearity to all of C[T*]. Also, 
since for each {s} and {tf} in J* we have {s} = {o.t} for some o € S,, we can 
“extend Or by cyclicity.” That is, we want the map 07 to respect the group action 
and linearity: 


Or(o.{t}) = 0.67 ({t}) =o. > S= ye o.S. 


Se{T} Se{T} 
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Example 12.10 Using the index tableau 


t= (1 /3[5] and for T = €C[Tiyl, 
we have 


rm ee 
ae 
Or (C1, 5, 4).{t}) == C1, 5, 4).67 ({t}) 
+ + + + 
oP 


Exercise* 12.11 For 


b= }1|2[3| and for T= €C[hiul. 


compute @7({f2}) and (1,5, 4).07({t2}). Compare the results for @7({t}) and 
(1,5, 4).6r({t}) from Example 12.10. Check that, for any T € C[7j,], the value 
of @7 ({t}) is independent of the choice of {t}. Where does the choice of {t} make a 
difference? 


and 


Exercise* 12.12 For 


= BBE andfor T = E Thy, 


compute 07 ({t}}) and (1, 5, 4).67({t4}) 

Compare the results with Exercise 12.11. In particular, note that {)} = { i}, and 
that O7({t2}) = Or ({t5}), but that (1,5, 4).0r({f}) # U., 5, 4).07({4}). Does this 
mean that action of S, on 07 is not well defined on equivalence classes in T*? 
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Because we are anna interested in Homcys,] (S*, C[Tau]), we define Or to 
be the restriction of 67 to S*, and consider the action of @7 ona standard polytabloid 
basis element e; of S*; 


Ore) = Or Vth) =Vi-Or({t}) =. [ >> S| = DO vs 


Se{T} Se{T} 


This righ-most expression could be zero, which would force @7 to be the zero- 
map since the e,’s cyclically generate S*. We wish to eliminate those T € 7), yu for 
which 07 could be identically zero. The next exercise illustrates the proposition that 
follows. 


Exercise 12.13 Let 


Compute ),.S. 


Proposition 12.14 Let t be a fixed tableau with shape i, and let T € Thy. Then 
Y,.S = 0 if and only if S has two equal entries in the same column. 


Proof If V;.S = 0, then 


VS =S+ Y~ sgn(o)o.S =0, 


o€V;, 
o#(1) 


so we must (at least) have some o € V; such that S$ = o.S with sgn(o) = —1. 
Since the elements in V; permute the entries only along the columns of S, two of the 
entries in S must be equal and in the same column. 

Now suppose that i # 7 are in the same column of f, so that the entries S(i) = 
S(j) are in the same column of S. Then we must have [(1) — @, j)].S = 0. But by 
Exercise 11.49, [(1) — (i, j)] is a factor of V,, and therefore V,.S = 0. oO 


Corollary 12.15 If T is a semistandard Young tableau, then 07 is not identically 
zero. 


With this corollary in mind, we designate an important subset of 7), by 


Te, := {T € Thy | T is semistandard}. 
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The following exercise produces examples that we will use later. 


Exercise* 12.16 Let 


> EAE Ee ee Ce ee 


Write out 07, ({t}), Or, ({t}), 97, (er), and 07, (e;). You should also try some of your 
own examples. 


12.4 Column Equivalence and Ordering 


Analogous to row-equivalent tableaux (i.e., tabloids), we declare two tableaux in 
Tau to be column-equivalent if they have the same entries in each column. We use 
vertical lines between the columns to indicate such an equivalence class, and let [7] 
denote the column-equivalence class of 7. For example, 


1}1}1)3 
DOBEe kanes 
2 4 


T= 


Since “column-equivalence” makes sense only if the tableaux have the same shape 
and content, we can say more explicitly (referencing our fixed index-tableau fr), 


[T] :={S € Thy | S=v.T for some v € Vj}. 
Define an order on this set of equivalence classes by declaring that [7|] > [72] if 


the smallest entry in [7;] appearing in a different column than in [72] appears in an 
earlier (leftward) column of [7;] than in [72]. For example, 


1fafaj4] — fafatafs} ata fa}2| 
2/2|3] > |2/2]3} > |2)/3/3] . 
3 4 4 


Compare this with the order on tabloids given in Definition 11.24. 
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After a little thought, the following results should be clear: 


¢ Two tableaux without the same shape and content may not be comparable. For 
example, 


1(1]12| 1[1]1/2| 

2}3}3] and }2)2]3 

4 4 
are not comparable. 


e There is at most one semistandard Young tableau in each column-equivalence 
class, and there may be none. For example, the column-equivalence class 


1(1|3]2| 
1/2|3 
4 


contains no semistandard tableaux. 
¢ This is a total order on the column-equivalence classes in 7,,,, meaning that any 
two distinct equivalence classes are comparable. See Exercise 11.26. 


Exercise 12.17 This exercise is trivial, but the result is crucial. Show that if T is 
semistandard, and if T’ € {T}, then [7’] < [7] unless 7’ = T. It follows that 
if T is semistandard, then [7] is the maximum column-equivalence class in the 
row-equivalence class {JT}, and thus [7] is the largest column-equivalence class 
appearing in 07 ({t}). 


Remark 12.18 There are a several other definitions of “column-equivalence” and 
“partial order” in the literature that can be useful for obtaining further results. Any 
ordering that satisfies the results of Exercise 12.17 will work for our modest goals, 
and the order that we’ve defined here streamlines the proof. 


Exercise 12.19 Let ¢ be an index-tableau, that is, a standard Young tableau with 
shape A, and let V; be the column anti-symmetrizer of t. Check that, for a given 
tableau T € 7), and every tableau 7; appearing in V,;.T, we have [7;] = [T]. 


12.5 The Semistandard Basis for Homc;s,)(S*, M“) 


In this section we construct a basis for Homers, }(S*, C{[Tip)) = Homcrs,} 
(S*, M"). The discussion is similar to the construction of the standard basis for 
Specht modules in Chap. 11. We will prove linear independence and span in separate 
propositions. 
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Proposition 12.20 The set of semistandard homomorphisms, {07 | T € To isa 
linearly independent subset of Homers, (S*, C{Thn))- 


It might be helpful to refer to the results of Exercise 12.16 while reading through 
the following proof. 


Proof First recall that; from the definition of Or, the fact that T is semistandard, 
and Exercise 12.17, we have that [7] is the maximum class appearing in 67 for 
each T € yee 

Now consider the sum 


6:= > eror, 


where each T € Te and where the cr are scalars not all equal to zero. Our goal 


1? 
is to show that the map @ is not identically zero. To this end, we choose 7; such 
that the coefficient cr, 4 0, but cr = 0 whenever [T] > [7]. From this, and the 
remarks in the previous paragraph, it follows that 


6= cror = cy, T + {a linear combination of tableaux T) satisfying [T,] > [7]}. 
Applying 6 to a standard basis element e,; of S* yields 
G(er) = >> crore) = cnVs-Ti 
+ {a linear combination of expressions of the form Y;.73 where [7)] > [73]}. 
By Proposition 12.14, V;.7 + 0, and by Exercise 12.19, V;, the column 


stabilizer of t, preserves column-equivalence classes, so there is no way to “cancel” 
Y,.T;, and we have 


G(r) = Yo crOr(e,) # 0. 


Hence @ is a non-zero element of Homers, |(S*, C[Tay]), as required, and we 
conclude that the set of semistandard homomorphisms is linearly independent. O 


Exercise 12.21 Verify that the semistandard homomorphisms in Exercise 12.16 are 
linearly independent. 


Exercise* 12.22 Fill in the details in the above proof. 


12.5 The Semistandard Basis for Homc;s,;(S*, M“) 197 


To show that the semistandard homomorphisms span Homc;;, | (S*, Ch, ul), we 
start with a somewhat technical lemma. 


Lemma 12.23 Let @ be any non-zero element in Homcys,\(S*, C[Tin]). Since 
O(er) € C[Th yz], we can write 


O(e;) = > crT for some scalars cr and tableaux T € Thy. 


Then: 


(1) The coefficients cr« = 0 for every tableau T* having a repeated entry in some 
column. 
(2) The coefficient cr, 4 0 for some semistandard tableau T,. 


Proof (1) Suppose that the indices i # j are in the same column of ¢, suppose 
that the entries 7*(i) = T*(j) are in the same column of T*, and consider 
the transposition (i, 7) € V;. From Exercise 8.12 we have v.e; = vV,.{t} = 
sen(v)V;.{t} = sgn(v)e;, and therefore (i, j).e; = —e;. Consequently, 


Yer@, j)-T = @, f).NerT = Gi, j).6(er) 
= 9((i, j).er) = O(—er) = —O(er) = — Ver. 


Comparing coefficients in the expressions on each end, and using the fact 
that (i, j).T* = T*, we have cr» = —cr«. Thus cr» = 0 whenever 7* has a 
repeated entry in some column. 
(2) Similar to part (1), for v € V; we have v.e; = sgn(v)e;, so 


> crT = Yer(sgn v)v.T, 


and therefore the c7, = +c7, whenever 7; and 72 are column-equivalent. 

Since 0 # 0, we may choose a tableau 7; such that c7, # 0 but cr = 0 
whenever [7] > [71]. By part (1) and the preceding paragraph, we may assume 
that the entries in 7; are strictly increasing down the columns. 

With the goal of obtaining a contradiction, suppose that 7; is not semis- 
tandard, i.e., that 7; has a row-descent in some row q. More explicitly, some 
adjacent pair of columns in 7), say the jth and (j + 1)st, have entries a} < 
a2 < +--+ <a, incolumn j, and entries and 6; < 62 <--- < Bs in column 
j +1, with a, > B, for some q. Of course, there is no need to make any 
claim regarding the entries of the index-tableau, t. The situation for the jth and 
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(j + 1)st columns of the tableaux ¢ and 7; looks like this: 


a, by a, By 
A A 
az by a2 Bo 
A A 
A A 
t: dq bg Ti: ag > Bg 
A A 
. A 
bs : Bs 

A 

ay ly 


We then form the Garnir element g4 pz as in Sect. 11.4 and apply it to 
A(e;). It is important to remember that for each tableau T, g4.p acts on T 
by PLACE permutations via the index tableau t, so we use the sets A = 
{aqg,.-.,4,} and B = {b,,..., bg} fromt to form gaz. 

It is useful here to pause for a simple exercise. 


Exercise* 12.24 Let 


= and T, =|1 |? [2] 


Form the Garnir element gg for the tableau 7; and write out g4,g.7) . You 
should also try a more complicated example. 


Continuing our proof, by Proposition 11.50 
8A4,B-9(€:) = O(g4,B-€r) = 9(0) = 0. 


Referring to the statement of the lemma, this implies that 


8A,B-O(€r) = 8A,B- ert = Yo crga.p-T = 0. 
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But since for any tableau 7, all of the tableaux appearing in g4.3.T have 
coefficient +1, and since )> crga,g.T = 0, there must be a tableau T’ 4 7; 
with coefficient cy, 4 0, along with a permutation z in g4_g, so thatz.T’ = Tj. 
It follows that the entries of T’ must agree with the entries of T; in each position 
except those positions indexed by A and B (from the tableau f). 

Now 6; < --- < Bg < Gq < --- < @;, and the permutation m switches 
some f entries with some a entries, so there must be a minimum entry £; that 
appears in column in j of T’ and that also appears in column j +1 of rT’ = T;. 
Therefore [T’] > [71], and this contradicts our choice of 7}. 

| 


Exercise* 12.25 Let 


p= and 7, =| |? [1] 


Form the Garnir element g,4_, for the tableau 7;. Find an element wz appearing in 
ga.p anda tableau T such that 7.T = T;. You should also try a more complicated 
example. 


Proposition 12.26 The set of semistandard homomorphisms {67 | T € Ti) spans 
Homejs,\(S*, ClTiy]) = Homers, )(S*, M“). 


Proof Let @ € Homers, |(S*, C[7i,.]) be non-zero. By Lemma 12.23, 0(e;) = 
> crT, where cr, # 0 for some semistandard T, € sper and, since there must 


be a largest such tableau, we may assume that cr = O whenever T € she and 
[T] > [T,]. Now, by Exercise 12.17, 


Or, = T; + {asum of tableaux of T) where [T;] > [7>]}, 
and it follows that (6 — cr Or, ) (er) is a linear combination of tableaux 7> with 
[T>] < [7]. By induction, the homomorphism (6 — cr On) is a linear combination 
of semistandard homomorphisms, and therefore so is 0. Oo 


Corollary 12.27 Propositions 12.20 and 12.26 along with Proposition 5.16 yield 


Dim Homes, )(S*, M") = Ki, = the multiplicity of S* in M". 
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12.6 Young's Rule 


There are several versions of Young’s rule that arise in different contexts related 
to the symmetric group, and this is the version that applies to our situation.’ It is 
important enough to state as a theorem, but it is an immediate corollary to the results 
of Sect. 12.5. 


Theorem 12.28 (Young’s Rule) Let | n, and let M" be the Young permutation 
module induced from the trivial representation of the Young subgroup S,,. For n, 
let Kj, be as in Definition 12.3, and let S* = V* be an irreducible representation 
of Sn labeled by x. Then 


MY = ED Kis". 
AEn 


Example 12.29 We illustrate this theorem with the familiar permutation modules 
for $3. 


* For MG.0.0), 
is the only semistandard way to fill any tableau 4 | 3 with content (3, 0, 0), so 


M®@.9.0) ~ § 3.0.0) 


° For M?10,; 
and 


are the only only semistandard ways to fill tableaux A | 3 with content (2, 1, 0), 
so 


M@-1,0) ~ §3,0,0) a S210), 


? There is also a “Young’s Rule” in medicine. 
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EER ue and 
3 2 


are the only semistandard ways to fill tableaux 4 | 3 with content (1, 1, 1), so 


e For M(1D, 


MLD x S09) Qa 2 § (21,0) ra Sabb. 


At the risk of stating the obvious, this last case reflects the fact that M“") is 
equivalent to the left regular representation on C[S,], and that Ky(17) = f 3 


Exercise* 12.30 Decompose the polynomial space P4(x, y, z, w) into irreducible 
representations of S4. 


Exercise* 12.31 Use the map 07: S* > C[Tiu], the map gl: ClTiaul > 
C[T"] from Exercise 12.8, and the assignment {7} € 7“ with a monomial as 
in Eq. 10.40 to obtain an explicit basis for some of the irreducible components in 
Pax, y,Z, w). 


Exercise* 12.32 Apply the intertwining maps from Exercises 3.21—3.23 to your 
results from Exercise 12.31 to produce bases for irreducible representations in other 
polynomial spaces. Can you find other intertwining maps like these? 


12.7. Hints and Additional Comments 


Exercise 12.8 The map ¢~!: C[7i,] > C[T“] is given by “place the correspond- 
ing entry from the index tableau in this row of the tabloid.” For 


=| 1135] wehave ¢! oe 
: 


since the index entries 1 and 3 get placed in the first row, the entries 2 and 5 in the 
second row, and the entry 4 gets placed in the third row. 


Nn 


a 
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Exercise 12.9 Let ¢ be a fixed index tableau, and choose a tableau T € 7j,,. For 


example, 
r=(! 1315] na 7 =| |? | 
[2] 4 2] 3 | 


Since Sp; acts by place permutation, it is easy to see that any other tableau with 
the same shape and content can be obtained from T by such a permutation, and so 
the action of S,, is transitive on 7). In this example, the stabilizer of T is S, = 
S13} * $12.5) < Stay = S(2,2,1). 

It is routine to check that the map S,/S, given by o.S,, +> o.T is well defined on 
cosets. Recall (Exercise 10.38) that the representation of S, on S,/S,, is equivalent 
to the representation of S, on C[7“], so we have an equivalence between the coset 
representation of S, on S,/S, and the representation of S, on C[TiyI. 


Exercise 12.11 

ede) <2 Eee 2 ee 2 
Bi?) 6 BPt) Bey) BB) BE 
+1 [1] 2] 
(213 | 


(1,5, 4).6r({h}) = + + + 
2{2} [2f1f tty [2 | 
42PE Ye] 
sti} [3] 


Notice that 07 ({t2}) = Or ({t}), but that (1, 5, 4).6r({}) F U, 5, 4).A7({t}), which 
is to be expected since {t} 4 {ty}. 


Exercise 12.12 


Or ({t5}) = + + + + 
sia}; sie) ale) sr 


ra ESES 
Be 
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(1,5, 4).6r({6) = ap ih + 
tt} 2 f2F ety BT 


ro EO re 
ey ee 


Even though {t2} = {i}, 1,5, 4).6r({f#2}) and (1, 5, 4).67 ({t5}) are not even 
close! What’s up? 

The key is to next apply the map ¢~! from Exercise 12.8, which yields the 
desired equality. Note also that this equality does not occur in the previous case 
where {t} ¢ {fo}. 


¢'((1, 5, 4).6r{t2}) 


1 1 1 4 4 4 
= ¢ '((1,5,4).67{4}). 


Exercise 12.16 Note that T; and 72 are the only semistandard tableaux with the 
given shape and content, and that [7] > [7]. 
2 + 


ndtp= >> S= BEE + BBB 
Se{T,} 


mdty= > S= + es BEG 
seh 


Or, (er) = Or, (LG) — C, 2)]-{¢}) = LG) — G, 2).97, {t}) 


].Ar, ( 
ay EP ee 
e ie 2 | 
~[2[1]3}_[2[3]1}_ [2] afi] 

a ee 3 | 


204 12 Decomposition of Young Permutation Modules 


615 (€1) = Or, (I) — (1, 2)LAe) = 1) — C2). (EAD) 
Pilate) (fe tty, fetta 
a 3 | 3 | 
[3{1]2}_[3[2[1}_|3{1]a] 
| | 2 | 


Exercise 12.22 Since we have a total order on column-equivalence classes, and 
[7,] is maximum, we have 


6= > cror = cnr, On, + {a linear combination of homomorphisms On, where [72] < [T;]}. 

Applying 6 to a standard basis element e, in S’; 

d(e,) = cr, Or, (e,) + {a linear combination of expressions On, (e;), where [T2] < [7)]}. 
Substituting e, = V;.{t} yields 
O(e;) = cr, Or, (V,.{t}) + {a linear combination of expressions Or, (Y;.{t}), where [T2] < [7 ]}. 
Since any @r intertwines the action of V, € C[S,], we have 
d(e,) = cr, Vt Or, ({t}) + {a linear combination of expressions V; Or, ({t}), where [7] < [T;]}. 
The results of Exercise 12.17 imply that 

O(e;) = cr, Vy. (71 + {a sum of tableaux 7; satisfying [7;] < [T1]}) 

+{a linear combination of expressions Y;.7; where [7] < [T)]} 


= c7,V;.T| + cr, ({a sum of expressions Y,.7; satisfying [7;] < [7T1]}) 
+{a linear combination of expressions Y;.7;, where [Tj] < [T)]}. 


Exercise 12.24 In this example, g4.3 = (1) + (4,5)(3, 4) — (3, 5), and hence 


eee + i EEE 


Exercise 12.25 From the results of Exercise 12.24, 


a4] 1] 2} - i, 


12.7 Hints and Additional Comments 


Note that if 7 is a permutation appearing in g4,g, andifz.T = 7, then [T] > [T)] 


since the smallest entry of [JT] moved by z is to the right. 
Exercise 12.30 

Pa(x, y, Zz, Ww) = P4,0,0,0) B® PB,1,0,0) ® P2,2,0,0) ® P2,1,1,0) B Pau,t.1,)- 
Using the results of Sect. 10.3 we have; 


Pr4,0,0,0) = MO10.9), 
Pa.1,0,0) = MAELO, 
P(2,2,0,0) = M2290), 
Paige to, 
and Padi) = M(4,0,0,0) 


Some of the computations below reproduce the results from Exercise 12.5. 


Working our way through the permutation modules in lexicographic order: 


© For M49.0.0), 


Bono 


is the only semistandard way to fill the tableau (4,0,0,0) with content 


(4, 0, 0, 0), and K, (4,0,0,0) = 0 for all other A F 4. Hence 


M49,0,0) x S(40,0,0) 


* For MG:10.0), 


EE 


is the only semistandard way to fill the tableau (4,0,0,0) with content 


(3, 1, 0,0), and 


ES ESER 
2 


is the only semistandard way to fill the tableau (3,1,0,0) with content 


(3, 1, 0, 0). All other values of Ky, (3,1,0,0) for A < (3, 1, 0, 0) are zero, so 


M®.1,0,0) x S(40,0,0) Q SB1,0,0) 


206 12 Decomposition of Young Permutation Modules 
¢ For M@-2-2.9) the various semistandard tableaux are; 
PESO ea a 
Hence 
M2200) ~ §(4,0.0,0) g §.1,0,0) gy g(2,2,0,0) 


¢ For M@!:1. the various semistandard tableaux are: 


REIN 
oP) EE 
By ee 


| 


and 


Therefore, 
M2110) ~ $4.0,0.) g 7 5310.9 g g(2.2.0,0 g g2.1.1,0). 
Summarizing this whole mess yields; 


Palx, y, Zz, w) & M4000 g 3.1.0.0) gy yg 2.2.0.0) gy 2 yy 21,1,0) 
~ 5 F(4.0.0.0) gy 6 $3.1.0.0) g 3g (2.2.0.0) gy 9 g(2.1.1,0), 


Now consider the invariant subspace 
Pot.1.0) = (x?yz, ...,y?zw) = M2119), 


By Young’s rule, this space contains two copies of the Specht module S@:!:° € 
C[T S199} labeled by the two semi-standard tableaux with shape (3, 1, 0, 0) and 
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i= and = (11/3). 


The Specht module S°:!:9. has as a basis the three standard polytabloids e;; where 


mee Eee Ee Ee 


content (2, 1, 1, 0); 


For a first step, we apply Or, to e;, to obtain a basis vector for the copy of §(3,1,0,0) 
in C[7B.1)2.1,1)]: 


7, (er) = x Vi, .S 


Se{T; 


} 
“ 4 r 
: Z ei( | ee, 


We next apply #~! from Exercise 12.8, which yields a basis vector for this copy of 
§B.1,0.9) in CLT A110}, 


Loy tty 24 28. 24 BA 
4 3 1 4 3 2 
y) 2 2 1 1 1 


Finally, using the entries as subscripts and applying the method from Example 10.41 
with xj = Xx, Xz = y, x3 = Z, and x4 = w yields a basis polynomial 


2 


xzw? + xzw + x’2w yZw yz-w y’zw P(2,1,1,0) 


where, for example, the first and last terms are obtained via 
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Performing the same steps to e;, and e;, gives us a basis for the copy of S (3.1.00) in 
P2,1,1,0) labeled by the semistandard tableau T}. 

Using 07, for the first step, we can obtain a basis for the other copy of S (3,1,0,0) 
in P(2,1,1,0). By mimicking this procedure we can completely decompose P4, 
obtaining a basis for each of the irreducible components. 


Exercise 12.32 Expressions such as x7 yd, ae, that act linearly on function spaces, 
are examples of polynomial coefficient differential operators. The collection of all 
linear combinations of these operators, denoted PD, is often referred to as the Weyl 
algebra, after the mathematician and theoretical physicist Hermann Weyl. 

The obvious question is, “How do we define an action of S, on PD?” First 
observe that, since 0,,x; = 4;,;, the set {0,,,..., dx, } is the basis dual to the basis 
{x1,...,Xn} of P1. As with any dual basis, consistency requires that 0.0,;(0.x;) = 
0x;Xj, SO it follows that o.0,; = Oxo (i) , and we can extend this action in the obvious 
way, as we do with polynomials as in Sect. 2.1. For example, 


(1, 2, 3).x*yd,8° = y*za,a?. 


It should be routine to check that f € PD is an intertwining map exactly when 
o.f = f. An important example is the degree operator: f = )~ xj0x;. 


| ® | 
| | 
Check for 
updates 


This chapter demonstrates how the irreducible representations of S, decompose 
when induced or restricted. The basic idea is that the Young symmetrizers for S, 
(Sect. 8.3) can be restricted to S,_1 to produce irreducible representations of S,—1. 
Counting dimensions then yields the decomposition of restricted representations, 
and applying Frobenius reciprocity yields the decomposition of induced representa- 
tions. 


13.1 The Hook Length Formula 


Here is a remarkable formula for f*, the number of standard Young tableaux with 
shape A, which is equal to the dimension of the irreducible S,,-module S* = V*. 
There are a number of quite different proofs of this result, and the presentation here 
follows [F], Chapter 4, Exercise 11, and [K], Section 5.1.4. See also [GN]. 


Exercise* 13.1 Show that f* = i, where A’ is the partition conjugate to 1 
(Sect. 8.1). 


We start with a definition that may seem somewhat strange at first. 


Definition 13.2 Given a box (i, j) in a Young diagram A, a hook H;,; is the box 
(i, j), along with the boxes in its row to the right and the boxes in its column below. 
The number of boxes in a hook, h(i, j) := | Aj, ;|, 1s called the hook length. The hook 
#3 with h(2, 3) = 6 is depicted in the example below, as are the hook lengths for 
some of the other boxes. 
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Exercise 13.3 Fill in some of the other hook lengths in the above tableau. 


Proposition 13.4 (Hook Length Formula) /f is a Young diagram with n boxes, 
then 


Equation 13.5 
n! 
~ TTAG, A)’ 
In other words, the number of standard Young tableau with shape . - n equals n! 
divided by the product of the hook lengths from each box of x. 


f 


Towards establishing Proposition 13.4, we say that if A F n is a Young diagram, 
an outer corner of i is a box that lies at the end of a row and that also lies at the 
bottom of a column. We denote by 4~ any Young diagram that can be obtained 
from 4 by deleting such an outer corner, and it is easy to check thatA~ Fn — lisa 
legitimate Young diagram. Below we’ve bulleted these outer corners, 


and we use the notation A~ < 4 when A” can be obtained from A by deleting an 
outer corner. 

Since the box containing n in a standard Young tableau must be an outer corner, 
and since designating a standard tableau with n boxes is the same as designating one 
with n — | boxes and then deciding where to put the nth box, we have the following 
recursive formula. 
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Equation 13.6 
fr= bo fr. 


Example 13.7 Consider a standard tableau with shape (3, 2) and observe that there 
are only two possible choices of where to place the entry 5; 


| | | | 5 


Since there are two standard tableaux with shape (2, 2), and three standard tableaux 
with shape (3, 1), there are 2+ 3 = 5 standard tableau with shape (3, 2), as we have 
previously observed. 


Exercise 13.8 Use Exercise 13.1 and the reasoning from Example 13.7 to deter- 
mine f?-)), Check your result with the hook length formula. 


We next establish a formula for the product of hook lengths. If A = (A1,..., Ax), 
define 0; := A; +k —iforeachi=1...k. 


Exercise 13.9 Check that the number €; is the hook length for the first box in the 
ith row of the Young diagram for 4, and that 0, = Ax. Also check that if A; = Aj+1, 
then €; — €j4; = 1. 


Proposition 13.10 The product of the hook lengths is given by the formula 


bat tal ++ be! 
[]*6,9= Ti<j@i - 41) 


Sketch of Proof Below we’ve entered the hook lengths for the boxes in the first row 
of the diagram 1: 


nom Gee 
a 
aon 
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Notice that their product is “almost” £;! = 11!, but that some factors are missing. 
Check that the expression 


k 
[[@- 4A 
j=2 


accounts for these missing factors. Thus the product of the hook lengths from the 
first row is given by 


£,! 
TT; (1 — &)" 
and the result follows by continuing down the rows. By now the serious reader 
should know to work through more examples. oO 


We next establish a polynomial identity. 


Lemma 13.11 Let A(x,...,xx) denote the Vandermonde polynomial (Exer- 
cise 5.12). Then 


k 
Ai ecu) =(x1+-+-+x2+(@)y) A(X1,..+5Xk)s 
i=1 


where (5) is a binomial coefficient. 
Exercise* 13.12 Prove Lemma 13.11. Hints: 


(1) Since the left-hand side is alternating in the variables x1, ..., xz, it is divisible 
by the Vandermonde polynomial. 

(2) The quotient must be a homogeneous linear polynomial in the variables 
X1,...,Xx, and y. The coefficients for each of the x; must be equal to 1, as 
can be seen by expanding both sides enough to compare coefficients for the 
leading term xeaxe a ae. 

(3) The identity is certainly true for y = 0. To determine the coefficient for y, 
substitute appropriate values for the x; and y so that both sides are non-zero. 


Proof of Proposition 13.4 Start by defining 


Cras oe 
1,-+-,€x) = TlaGf) €it@al--- eet” 
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the last equality by Proposition 13.10. Then the recursive formula given by Eq. 13.6 
translates as 


Equation 13.13 
k 
Finest Piel Ia te), 
i=l 


where we set F(€1,...,€; —1,...,€) =Oifa™ KA. 


So we are done if we can verify Eq. 13.13, that is, that the right side of Eq. 13.5 
satisfies the same recursion formula as Eq. 13.6. 
As in Exercise 5.12, we define 


A(Q1,..., €k) := I] (¢; — €;). 


l<i<j<k 
Using this notation, and combining terms using common denominators, yields 


k 
i= (n—1)!A(E1,..., 6; —1,..., &k) 
ae a De fy! +++ (€;—1)t ++ &! 


i=l 
— MWY GAEL... 4 — 1... ee) 
7 Lyf vee Gg! 


Applying Lemma 13.11 to part of the numerator, with x; = €; and y = —1, gives 
k 

SO GAEL. Gi 1, le) = to te $e — (IAC, «-, Le): 
i=1 


Now observe that 


Oy tlot--- +h =Ap+tkK—-1)4+ QAro+k —2)4+---+ (Ag) 
= [Ay +---+Ag] + [CK — 1) + (kK -—2)4+---+140] 
=n+k(k —1)/2 
=n+(j). 
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Putting all this together: 


r= a 
A7~d 
Fe TP A, 0 Py rec PE) 
— @- VID GAG... tL 


Bylen akg! 
= DIE +e te $e — (IAG...) 
7 Lyl- ++ bx! 

_ @— Di In+ (3) — (IAC... ee) 
7 Oy! --- ey! 
MAG 

me ere 

a ia 

~ TAG 


Exercise 13.14 Verify that 


k 
dis ay Ca eae Se) 
f noe = ti!--- (0; — Dl -- be! 


for a few simple examples. 


13.2. Branching Relations 


We now use the above dimension calculation in the determination of how the irre- 
ducible representations of S, decompose when restricted to S,—1. Not surprisingly, 
there are a number of different proofs of the following result. This one follows [Sil], 
Section VI.4, and uses the machinery of Young symmetrizers in the group algebra 
C[S,]. A later exercise will outline this result via Specht modules in C[7“]. 

Recall from Chap. 8 that, given a standard Young tableau T with shape A, the 
Young symmetrizer Ey generates an irreducible representation of S, in C[S,]; 
namely, 


V* = C[S,JEr = {aEr | a € C[Sn]}. 


We wish to restrict this representation to S,—1, but what do we mean by “restriction” 
in the context of the group algebra? 
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Definition 13.15 Let G be a finite group, and let H be a subgroup of G. If 


a= )) agi € CIG], 


gicG 


then the restriction of a to H is given by 


ala= )) aig: € Cl]. 
gicG 
aj=0 if 9; ¢H 


In other words, we just omit those terms in a that are not in C[H]. For example, 
if 


a= (1)+2(1, 2) — 4d, 3) + 21, 3, 2) € C[S3], 
then 
als, = (1) + 21, 2) € C[ Sy]. 


We start with some exercises that illustrate the main ideas. 


pela 


be a tableau with shape 4 = (2, 1,0) - 3. 


Exercise* 13.16 Let 


(1) What is the dimension of V?!-°)9 

(2) Write out Er. 

(3) Observe that the elements Ey and (1, 3).Ery are linearly independent vectors, 
and so are a basis for the irreducible representation V7!) in C[S3]. 

(4) Restrict Ey and (1, 3).E7 to Sz and describe the subspace of C[.$2] spanned by 
these vectors. 

(5) How does the space in part (4) decompose into irreducible representations of 
Sz? 
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Exercise* 13.17 Let 


Ti = and 72= 


be the two standard Young tableaux with shape (2,1). Let T; and T, be the 
tableaux obtained by removing the box containing the entry 3 from the tableaux 
T, and T> respectively. 

Recall that the Young symmetrizers E7, and Ey, generate two copies of the 
irreducible representation V?1.0 of §3 in C[S3]. Write out E,- and E,,-, and 
check that each symmetrizer generates an irreducible representation of S2. What 
are they, what are their dimensions and how does this relate to the dimension of 
V1.9 You should also try this with the representation V°-!° of Sy. 


We now proceed to the general case. 


Proposition 13.18 Let \~ <4, let V* € C[S,] be an irreducible representation of 
Sn labeled by i, and let V* € C[S,_1] be an irreducible representation of Sy—\ 
labeled by ~. Then 


Proof For X~ ~ 2, let T be a tableau with shape A that assigns n to the box that 
is removed by going from A to A~, and denote the corresponding tableau by T~. A 
quick check verifies that, for the vertical and horizontal subgroups, we have 


Vr- = Vr Sn-1, and Ay- = Ar Sp-1. 
Also check that if hvu € S,—; forh € Hy and v € Vr, then both h and v must lie 
in S,—1, since if the entry n is first moved by a column permutation, it cannot be 
returned by a row permutation. Therefore, 
E7|s,_; = E;-. 
Now 
V* =C[S,—1JEr- 
is an irreducible representation of S,—1, and since E7- is contained in both yr 


and V*|s,_,, we have V* MV*|s_, # {0}. By Exercise 2.35, V* is an Sp_1- 
irreducible subrepresentation of V“|s,_,. Since this is true for each A~ < A, we 
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have 


the sum being direct by the irreducibility of each V*_, and by Exercise 2.35 again. 
By Eq. 13.6, the dimensions of both sides are equal, which completes the proof. O 


Remark 13.19 Note that all of the irreducible representations comprising 
Ress”, V* appear at most once. Such a decomposition is said to be multiplicity- 
free, and there is a considerable body of research concerning multiplicity-free 
representations of various groups. 


Exercise* 13.20 Here is another way to look at restricted representations. See [Sa], 
Section 2.8 for an in-depth discussion. Let A = (3, 2) F 5, and consider the standard 


Young tableaux 
n=(1|3/5] n= 1215), 
=(1 12/3) ma 12 14), ond =| 13 | 41, 


For each i, let V7, be the column anti-symmetrizer, and recall from Chap. 11 that 
the standard polytabloids ey, = Vz,.{7;} form a basis for the Specht module S (3,2) 
in C[T@-)]. 


(1) Let T,~ denote the tableau 7; with the box containing the entry 5 removed, and 
let Vr, denote the restriction of V7, € C[S5] to C[.$4]. Show that Vr, =V,-. 

(2) Lete;, = V;,.{T;}. Show that e;, and e;, span a copy of the Specht module 
S®@) contained in S°:?), and that €7,, @7,, and e7, span a copy of the Specht 
module S°:!) contained in S?-”). Conclude that Ress° S32) = §22) @ SB), 


We now proceed to the decomposition of induced representations. Given a Young 
diagram 4. - n, an inner corner is a location where a box can be added both at the 
end of a row and also at the bottom of a column (one of these conditions may be 
vacuously satisfied). We denote by A* any Young diagram that can be obtained 
from 4 by adding one box at an inner corner, and it follows from the definition that 
At + n+ 1is a legitimate Young diagram. We use the notation AT > 4 when AT 
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can be obtained from 4 by adding a box at an inner corner. Below we’ve bulleted 
these inner corners, 


Now the branching rules say that the irreducible representation V* appears in 
Res V* exactly once for each A~ < 2. Boosting this up from S, to S,41 says that 
each V* appears exactly once in Res v*" for each 2 < 4+. Frobenius reciprocity 
then says that vit appears in Ind V* exactly once for each 2 < A*. Applying this 
to Proposition 13.18 yields the following corollary. 


Corollary 13.21 


Sn+l A at 
Inds"! V4 = Gv". 
At>d 


Exercise 13.22 Decompose Ind"*! V* for several examples of n and A. 


A Hasse diagram is a graphical rendering of a partially ordered set. The figure 
below is the Hasse diagram (also called the Young lattice) that depicts the branching 
relations for the irreducible representations of the symmetric groups. Move down 
along the edges for restriction, and move up along the edges for induction. 


i ee ee i re 


(5) (4,1) (3, 2) (3,1,1) (2, 2,1) (2;334,1) (,4,4,3,1) 
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For example, 
Ress(3, 1, 1) = (3,1) ® (2,1, 1), and Ind¢!(2, 1) = G, 1) @ (2,2) @ @, 1, 1). 
Since restriction and induction are transitive, 
Ress (3, 1,1) = @,0,0)62(2,1)@d,1, 1), 
and 
Ind$5(2, 1) = (4, 1) @23,2)@ G,1,1) @ (2,2, 21,1, D. 


Exercise 13.23 Reproduce the Young lattice by labeling the nodes with Young 
diagrams instead of partitions. Extend it upward a few more levels. Hint: It’s easier 
to do this on a large white or black board. 

Observe that we move up along the edges of the Young lattice by adding a box 
to an inner corner. Also observe that the sequence of adding boxes, for example the 


sequence 
fleets cles || 


corresponds to the standard Young tableau 


fae 


Conclude that the dimension of the irreducible representation S* is equal to the 
number of distinct paths from the trivial diagram to the diagram for A in the Young 
lattice. 


Exercise* 13.24 We’ll end with a fun/interesting exercise. Let F' denote the vector 
space of differentiable functions on R. Let x denote the linear map obtained by 
multiplying some f € F by the variable x, and let d, denote the linear map obtained 
by taking the derivative of f with respect to x. Show that for the commutator product 
(Remark 6.1) we have 


[dy, x] := dx — xd, = Ir, 


where J is the identity map on F. 

Let R denote the vector space spanned by the irreducible representations of S,,. 
Let + denote the operation of induction from S, to S,+1, and let | denote the 
operation of restriction from S, to S,—1, both operations acting linearly on the 
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representations of S,, for all n. Work a few examples to see that 


LY. t] =)t — N= Ir, 
Where /g is the identity on R. Ambitious readers can prove this for the general case 
using Proposition 13.18 and its corollary. 
13.3 Hints and Additional Comments 
Exercise 13.1 If a tableau with shape A is standard, then the entries are increasing 
along the rows and down the columns. Therefore the corresponding entries in the 
conjugate tableau with shape 2’ are increasing down the columns and along the 
rows. 


Exercise 13.12 The first two hints establish that 


Equation 13.25 
k 
SAG ra = (xy, +--+ +47 + cy)AQ, ..., XK) 
i=l 


for some constant c. 


The key to determining the value of c is to make an efficient substitution for the 
variables. Set x; = k — i, set y = 1, and consider the right-hand side of Eq. 13.11. 
Check that, after this substitution, we have 


Equation 13.26 
k-1 
A@.. d= T] @-x= [] G-d=CpT TE 
l<i<j<k l<i<j<k i=l 


where g = 1+2+---+(k — 1) is the number of factors in the product. 


For the linear factor on the right-hand side of Eq. 13.25, we have 


k(k — 1) 
xpperbag bey = k-Y+k-2+--424+14e= —— +e= (i) +e, 


For the left-hand side of Eq. 13.25, observe that in the expression 


A(x1,...,X4;) +t, ..., Xk) 
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we have factors of the form xj4; + y —xj =k —(i+1)+1-—(k —i) that evaluate 
to zero upon substitution. Thus each term in the sum on the left-hand side is equal 
to zero except for the first term, namely, x; A(x + y, x2,..., x4). Substituting and 
evaluating this first term yields 


Equation 13.27 


= WIE=D!E gy _ ya They?! 


Aa tt, ....0) = (-D%! 
Sa ad a (k—D)! 


So Eq. 13.25 becomes 


Dawe k = . 
(-)i-S— =[ (2) te] -pt[ [it. 
. i=1 


Some cancellation gives 


ae k(k — 1) 
h—D! =[(5)+c]. so that kk- = — +e, 
and hence c = a) _ (k 


= (5): 
Note: To see the right-hand side of Eq. 13.26, write out A(x1,..., x4) as 


A(x1,..-5Xk) = Tic j@j — xj) 
= (Xk — Xk—-1) (Xk — Xk—-2) +++ (XK — X1) 
X (XK-1 — Xk—2) (Xk—-1 — XK—3) ++ (KR-1 — X11) 


and then make the substitution x; = k — 1. A slight modification to this viewpoint 
establishes Eq. 13.27. 


Exercise 13.16 
Er = (1) +d, 2) — 1, 3) — , 3, 2), 
and 


(1, 3).Er = —(1) + (1, 3) — (2, 3) + C1, 2, 3). 


222 13 Branching Relations 
Upon restriction, 
Er|s, = (1) + (1, 2), 
and 
(1, 3).Er|s, = —(1). 
These span the space 
(Er|s,, (1, 3).Er|s,)) = (C1) + C1, 2), -()) = ((), C, 2)) = Cio], 
which decomposes as V9) @ VOD, 


Exercise 13.17 Let A = (2, 1, 0) F 3, and let 


T; = ae so that T) = [2]. 
3 


Then 


E,- = (1) + ,2), 


which generates the trivial representation V?- of 52. Note that 


Er, = (1) + (1,2) — (1,3) — (1,3, 2), and that Ex, |s, =E,-. 


TIh= /1 {3 so that T, = fa]. 


E,- = (1) - (1,2), 


Now let 


Then 


which generates the alternating representation V“'')) of $2. Note that 


Er, = (1) + (1,3) — (1,2) — (1, 2,3), and that Er|s, = E,-. 
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It follows that 
V 210) 5 = V2.0) @ yUD, 
Both V2: and V“-!) have dimension one, which sum to the dimension of V@:!:9), 


Exercise 13.20 The relevant observation here is that the map between the basis 
polytabloids, for example, the map between 


1 2 3 2 3 4 


ep = Vy {Ts} = oS e SG), 
and 
= 1. 23 23 4 
e;, = Vat} = = - eci7 7], 


intertwines the action of S4, and so embeds a copy of S°-") as a subrepresentation 
of SP)| 5. 


Exercise 13.24 Using the product rule for derivatives, for any f € F we have 


[dx x](f) = dy [x (f)] — xdx(f) = f +xdx(f) — xdx(f) = f. 


Thus, [d,, x] = Ip. 

This is a simplified version of the canonical commutation relations of quantum 
physics, where multiplication by x is the position operator, and d, is the momentum 
operator. Since the commutator product is non-zero, the position and momentum 
operators don’t commute, and therefore the operators are not simultaneously 
diagonalizable. In the yoga of quantum mechanics, this means that both position and 
momentum cannot by simultaneously measured, which is known as the Heisenberg 
uncertainty principle. 

Induction and restriction on representations of the symmetric groups also obey 
this commutation relation. Here’s a few computations to get you started. 


Vt 3, D =) {(4,D4+ 6,24 3,1, D}=44+B6,0D4+G6,D04+2,24+3,D+@, 1,1. 
and 
NBD =t{(HD+2,D}=4+B,D04+6,D0+2,2)+ 2,1, 0, 


The actions of restriction and induction are sometimes referred to as Down 
operators and Up operators in this context. 
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Symbols 
f*, 170 


A 
Algebra 
as an algebraic structure, 26 
associative, 77 
graded, 31 
group, 77, 79 
homomorphism, 83 
Lie, 81 
representation of, 82 
Appears 
tabloid in a polytabloid, 165 


B 
Binary operation, 3 


C 
Cayley’s theorem, 13 
Center 
of a group, 11 
of the group algebra, 78, 80 
Central functions, 80 
Characters, 85 
induced, 132, 135 
irreducible, 86 
orthogonality relations, 89 
restricted, 125 
table, 88 
Class functions, 81, 87 
Column anti-symmetrizer, 106 
Column word, 172 
Commutative diagram, 49 
Commutator product, 82 


Content of a semistandard tableau, 188 
Contragredient representation, 49 


Convolution product, 79 
Corner 

inner, 218 

outer, 210 
Cycle class, 28 
Cyclic module, 166 
Cyclic subgroup, 9 


D 
Descent 

row/column, 173 
Direct product of groups, 153 
Direct sum of vector spaces, 29 
Dual space, 16, 47, 49 


E 

Embedding, 138 
Equivalence relation, 18 
Equivalent representation, 40 
Exponent sequence, 25 


F 
Finite support, 81 


G 
Garnir element, 175, 177 
Gelfand-Zetlin or G-Z basis, 126 
G-intertwining map, 39 
G-invariant subspace, 27 
G-isomorphism, 40 
G-linear map, 39 
G-map, 39 
Group, 3 

Abelian, 3 

dihedral, 10 

general linear, 4 
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orthogonal, 10 
special linear, 10 
special orthogonal, 11 
subgroup, 8 
symmetric, 3 
unitary, 11 

Group action, 5 
contravariant, 24 
covariant, 24 
orbit, 6 
orbit sums, 70 
transitive, 6 
trivial, 6 

Group homomorphism, | 1 
automorphism, 12 
image, 13 
isomorphism, 12 
kernel, 13 

Group representation, 5, 14 
alternating, 68, 69 


complementary subspace, 42 


complete reducibility, 42 
contragredient, 47 

coset representation, 130 
equivalent, 40 

faithful, 14 

irreducible, 32 

trivial, 14 

unitary, 47 


H 
Hilbert space, 47 
Horizontal subgroup, 105 


I 

Idempotent, 107 
essential, 107 

Inner product, 44 
G-invariant, 45 
naive, 46 

Integers mod k, 142 

Invariant polynomial, 70 

Irreducible representation, 32 

Isotypic component, 71 

Isotypic subspace, 71 
multiplicity, 72 


J 


Jordan normal form, 86 


K 
Kotska numbers, 188 
Kronecker delta, 16 


L 
Lagrange’s Theorem, 129 
Linear functional, 47 


M 
Maschke’s Theorem, 43 
matrix version, 43 
Matrix entries, 90 
Matrix realization, 14 
of induced representations, 134 
Module, 78 
cyclic, 166 


O 
Orbit sum, 70 
Ordering 
of column-equivalent tableaux, 194 
of partitions 
dominance, 105 
lexicographic, 104 
of standard Young tableaux, 172 
total, 105 
of Young tabloids, 170, 171 


P 
Partition 
conjugate, 104 
integer, 27 
composition, 27 
lexicographic order, 105 
set, 129 
Permutation, 2 
matrix, 14 
Permutation representation, 5 
Projection map, 31 
minimal, 115 
minimal central, 115 


Q 
Quotient space, 126 


R 
Restriction 


Index 


of the group algebra to a subalgebra, 215 
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of a representation to a subgroup, 125 Vv 
Row symmetrizer, 106 Vandermonde 
determinant, 73, 74 
polynomial, 71 


. Vertical subgroup, 105 


Schur’s lemma, 41 
Semistandard homomorphism, 195 
Signature of a partition, 28 


Sign Lemma, 178 Y 
Specht module, 166 Young diagram, 103 
standard basis for, 169 Young lattice, 218 
Specht polynomial, 181, 186 Young permutation module, 156 
Stability subgroup, 11 Young’s rule, 187, 200 
Stabilizer, 11 Young subgroup, 155 
Straightening algorithm, 173 Young symmetrizer, 105 
Subrepresentation, 27 Young tableau, 104 
substitutional analysis, vii column equivalent, 194 
Substitutional expression, 79 generalized, 188 
Symmetric group, 3 row equivalent, 158 
conjugacy classes, 65 semistandard, 188 
disjoint cycles, 61 standard, 104 
parity of a permutation, 63 Young tabloid, 158 
cycle notation, 7 associated polytabloid, 165 
cycle structure, 61 polytabloid, 159 
standard embedding of S,—1, 13 standard, 159 
Symmetric polynomial, 70 standard polytabloid, 165 
T 
Transposition, 62 Z 
Transversal of H in G, 129 Zero divisors, 142 


Type of a polynomial space, 28 


